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Part I of this report is concerned with the development of a numerical 
procedure for the computation of the dynamic response of an elastic spherical 
shell when subjected to transient uniform pressurec This procedure is based 
upon the development of a discrete mechanism which replaces the continuous shell, 
said mechanism containing both bending and membrane resistance and large deforma-
tion effectso A numerical procedure is developed for obtaining the dynamic response 
of the mechanism and a code programmed which makes the analysis on a digital com-
putero This program for an electronic digital computer is presented in flow diagram 
form enabling an experienced programmer to convert the order code to any type of 
computing facility. Using the program for the digital computer certain parameters 
were investigated and the significant results and conclusions presentedo 
Part II of this report is concerned with the analysis of a membrane 
spherical shell by a discrete framework approximation. Equivalent areas of bars 
are derived on the basis of equivalent stiffness under identical loading. The 
framework is analyzed for natural modes and frequencies and the response of the 
framework to triangular blast loading is obtained by linear superposition of 
normal modes. Time histories of displacements are converted to time histor~es of 
bar forces which are combined to yield the shell stresses. A short ~igital com-
puter program is written to superpose modes and to compute shell stresseso Using 
the program for the digital computer certain parameters were investigated and the 
significant results and conclusions presented 0 Another digital computer program 
is independently developed in Appendix C as appended to Part II to compute the 
Q.:ynamic response -:If the s~e framework Ii1odel~ ~e· flow ~iagram for this digital 
c.omputer progr-am is al£o presented, enabling a programmer to convert the order 
code to any type of computing facility. 

TR"59-9 
In Part III of this report is presented an exact analysis of the free 
vibration of an elastic membrane spherical dome of arbitrary radius, material, 
and total opening angle. The equations of motion are derived by substitution 
of the D t Alembert inertia forces into the static equilibrium equations. 
Expressions, in terms of trigonometric and legendre functions, for the displace-
ments and stresses during vibration are given. A table of the natural frequencies 
of vibration for various values of the opening angle of the shell is presented. 
The displacement vectors for the first five modes of symmetrical vibration of a 
hemispherical dome also are tabulated .. 
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DYNAMIC RESPONSE OF A SPHERICAL SHELL·· ~~: "13ENDING." SOLUTION 
101 INTRODUCTORY COMMENTS 
CHAPTER 1 
INTRODUCTION 
The coded program for the dynamic analysis of a symmetrically loaded 
spherical shell was developed consequent to the development of a physical 
mechanism which introduced all the necessary components of behavior of the shell. 
This mechanism was conceived in such a fashion that the effects of large deflec-
tions, resistance due to bending, and resistance due to mid-plane forces could 
be included in the analysis. Such a model includes all the necessary components 
for true shell action in the elastic range, for ~ = o. 
The physical model concept appears to be more versatile than a method 
based on a mathematically rigorous solution of the governing differential equa-
tions of equilibrium. In the model procedure, all the desired responses are 
computed simultaneously, such as deflections, moments, thrusts, etc. However, a 
mathematical solution usually provides only the solution for one variable and the 
other responses must then be computed in terms of this variable. 
It is also to be noted here that the model analogy is more easily 
adaptable to changes, corrections or additions. Change in edge fixity, loading 
parameters, or shell geometry are handled relatively easily with this model. It 
has also been planned to expand the model solution to include response in the 
inelastic range} unsymmetrical shell geometry and unsymmetrical loadings. 
2 
102 SYMBOLS 
The following notatioD: -is that used throughout Part I of this report. 
a = Mean radius of curvature of a spherical shell 0 
E = Young Y s Modulus 0 
h = Shell thicknesso 
Po = Radial pressure on the lateral surface at time t = 00 
qcr = Static buckling pressure for a membrane spherical shell 




= Time variable. 
21C 
= Breathing period of the shell = --. 
T = Duration of pressure loading. 
o 
w = Radial deflection of the shell 0 
W = Radial deflection of the shell apexo 
a 
w = Radial deflection of the point on the shell surface midway 
c 
between the apex and the fixed edgeo 
Wd = Radial deflection of that point on the shell surface which 
"dimples" inward during dynamic response. This is generally 
the maximum deflection of the shell during the first loaded 
period of shell motion. 
w = Static deflection of a membrane spherical shell loaded with a 
uniform radial pressure. 
W = 
€ = Strain variable. 
e = Vertical semi-opening angle of the shell 0 
e = Semi -opening angle of shell. 
~fj = Vertical angle between two consecutive sheil joints .. 
~ = Poisson's Ratio. 
s = Rotation variable. 
P : Mass nensity. 
(J = Stress variable ... 
C1 am = Axial :stress in the meridional direction (i .. e., e direction) ... 




= Axial stress in the circumf'erential direction (i.e., \P direction). 
O'bc = Bending stress in the circumferential direction. 
0' = Static axial stress in a membrane spherical shell under uniform 
radial pressure. 
p a 
o 0' =--2h 
CP = Angle of rotation about vertical axis of symmetry .. 
~cp = Increment in cp. 




2~1 DESCRIPTION OF THE PHYSICAL MECHANISM USED TO SIMULATE SHELL ~CTION 
The mechanism was developed for a spherical shell .subjected to a 
radial pressure 0 The symmetrical shell geometry and symmetrical loading simpli-
fied the problem in such a fashion ,that· only a typical slice of· the shell need be 
analyzed" instead of the entire shell. To analyze this meridional pie-shaped 
slice of the shell, it is assumed to consist of a series of tapered beams of 
uniform thickness, ,but of increasing width 0 This pie-shaped strip is shown in 
elevation in Fig. 202 and in isometric view in Fig. 2.30 
Note that in Fig'b '20 I the basic shell coordinates are presentedo The 
angle ~ locates any typical pie-shaped element and the angle e locates any section 
of this £tripo The displacement coordinates u, v, and w depict the meridional, 
circumferential and radial translations, respectively. u and v are motions tan-
gent-to the shell surface, while w is normal radially inward 0 
The tapered beams are the fundamental structural elements of analysis. 
At the junction of each of these beams of length ~e, are applied the external 
force P, a concentrated moment M~ and concentrated mid-plane force F~o The 
external force P is assumed concentrated at the joint and is the product of the 
external pressure and the surface area a half sector length above and below the 
joint 0 Llkewise the concentrated moment M~ and concentrated tD~ust F~ are applied 
at the joint 0 The forces M~ and Fep are due to the interaction of the remainder 
of tne shell on the pie=shaped elemento 
The internal tr.u-usts J moments and shears are sho\.-"Il in Figs 0 2 0 4 and 2050 
In Figo 2.4, the meridional axial thrust, Fe' is shown acting at the jth jointo 
This thrust is assumed to act along a straight line connecting the joints rather 
5 
than along the true shell mid-surface. As a resuJ.t, the angle between the thrust 
and the original tangent to the curved surface at joint j caJ? be computed if the 
radial translations of joints "j+l" and ., j-l" are known. These translations are 
called wj+l and 'Wj _l 411 These angles are indicated in Fig. 2.4. In Fig. 2.5 the 
internal meridional moments are shown as acting about joint "." J • '!hese bending 
moments, Me j and their associated shearing forces are sho'WIl in the positive 
directions. 
It was necessary to employ a specific sign convention to make a solution 
on the computer.. The sign convention is: 
1.. Compressive thrusts on the joint are negative.. Thus, tensile 
thrusts on the joint are positive. 
2. External load is positive when acting radially inward. This satis-
fies the condition for radial sign. convention since tensile forces 
which also have a component radially inward are treated as positive. 
3.. Moments are positive when acting counterclockwise about the joint .. 
Thus, positive moments on the beam elements produce clockwise 
rotation of the beam. Positive shearing forces on the beam produce 
a counterclockwise moment on the beam .. 
The procedure used to find the response of the shell to a dynamic loading will be 
essentially a physical relaxation of the thrusts and moments until dynamic equili-
brium is reached.. This procedure is described fully in Section 3 .. 2. To use the 
relaxation procedure, relations between forces and displacements are needed. In 
the derivation of these equations, ~ is chosen to be zero. 
2.2 EQUILIBRIt1M TANGENT TO TEE MID-SURFACE 
Static equilibrium in the meridional direction will ensue if the axial 
thrust Fe and the component of the circumferential thrust F~ along the meridional 
6 
axis are in balance. This balance is achieved by relaxing the u displacements 
at the end of the beams. The expressions for these forces, and the expressions 
for beam stiffness, and carry-over factors are needed. 
A positive displacement, +11 0' of the j th panel point produces axial 
J 
thrusts along the meridional axis.. The total force over the entire width of 
the beam becomes (~ = 0): 
u 
Fe = (AE e)a cos 7 = ,-(~~ a sin 8j h)(E)(ade)'Cos 7 j .j 
u 
Fe = (AE e)e, cos ex = -(~~ a sin ej _l h)(E)(~) cos a j-l j-l 
and a component along the beam axis of the c irc1.DIlferential force J F ~: 
~cp' (p.. cos e ~ (2 2 cos e .)Fcp = (~~ cos e .)(AE e)~ = +(~cp BAa h)(E) J in e J 
J j J j as j 
(2 .. 3) 
- th in -which e. is the coordinate of the ceI;lter of the j beam segment, and e. is 
J J 
the coordinate of the jth panel point (see Fig. 2 .. 3). Note that for a positive 
u displacement, Fe is 
j . 
compressive while Fe and ~~ Ftp are tensi1:e. 
j-l 
The relative extensional stiffnesS€s asBociated'W1tb: a. .PQs,i:t.i:¥e u. :', 
. J 
{i'o:r shaJ..l.ow dames, displacement are for." Fe J Fe ,.and F:rb reSpeetive:J.Y: 
" j j-l C 
sin e ;; e) 
B. 
J , 
B. e (~e)2 
+ ·1+ e J J- j 
B (~e)2/e. j-l J 
2 and 2 
- B (~e) -e "'7\ . ~e 
e. + . 1 + e . + OJ -1 + J J- j J j 
Since tensile forces are positive at each end of the beam element, then the 
carry-over factor is positive and equal to unity. 
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2.3 EQUllIBRIUM NORMAL TO THE MID-SURFACE 
The source of the ~~ixed-end thrusts" arises from the radial displace-
ments, w., under the loadings cons idered here. In a dynamic analys is which 
J 
proceeds by a stepwise integration of the dynamic equations of equilibrium, W j 
is explicitly obtained during the process so that the fixed-end thrusts can be 
readily obtained. They are (J.1 = 0) ~ 
= -(M a sin ej h E) [ (Wj+;a+ W? _ ; (Wj+!t.~ w~21 (2.4) 
( - ) J J- J J- ( ) [5w.+w.~ l(W.-W- ~ = - ~q> a sin e j-l h E 2a - 2' afj.e 2·5 
and the tangential component of the circumferential force, 
And again it is noted that a positive displacement, +w., produces compressive 
J 
forces Fe ,Fe ,and Fq>O 
j j-l 
The internal resistance to normal forces at each panel point may be 
considered to arise from three sources; (1) the difference of shear force in 
the beam on each side of the panel point, (2) the component of the mid-plane 
forces Fe and Fq> due to the initial curvature of the shell, and (3) the ad-
ditional normal component of the mid-plane forces arising from the additional 
deflection of the shell. The first source is identical in character to that 
which occurs in building frame design when a wind force analysis is made, as 
is also the second if one regards it as similar to the thrust in the floor 
beams which carry the internal column shears to the face of the building. 
(2.6) 
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The third source is identical to the second but takes account of the changing 
geometry of the shell. It is a large deflection component and contains the 
essential mechanism for buckling of the shell. 
2. 4 ROTATIONAL EQUJI,IBRIUM 
To compute the bending stif'fnesses of' the beam elements J a rotation 
is applied at the panel pointo The bending moments along the meridional axis 
and the component of bending moment from the circumferential direction can be 
computed 0 The moment of' inertia of' any beam element is assumed to be the "average" 
moment of inertia computed from the average width of' the element. This assumption 
is reasonable if the beam segments are small in length. Thus a variation in 
stiffness over the beamis length is neglected. A clockwise rotation, S, of' the 
joint produces the moments on the entire width of section of 4 Ei 0 s . width. 
h3 ' -(Me) LEFT SIDE = +(4E 12 a6e)(.6cp a sin 8 j)( S) 
j JOINT j 
(2.8) 
and the component along the beam axis of the circumferential moment is 
( .6cp 8 ) 2 "2 M<p cos j h
3 
= +(E 12 a sin 8 )(~8)(6CP cos eJ,')(S) 
j 
The relative bending stiffnesses for ~GHT" ~ and 6CP M\P cos e j become 
respectively: 
48 . 48. 1 (68) 2/ e . 
__________ ~J_______ J- J 
48. + 48. +(6e)2/e.' 48. + 48. +(.6e)2/e. J 48. + 48. 1 +(.68)2/8 . 
J J-I J J J-I J J J- J 
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1 The carry-over factors for the beam element can be approx:i1Il.a.ted by - 2". 
This approximation can be improved by taking smaller beam lengths.. No carry-over 
factors need be considered for the tlftorsion" elements since they can be considered 
as external moments. The apex of the pie-shaped element will not rotate because 
of symmetry. Thus it can be considered a "clamped edge" which, however, can 
translate radially but not tangentia.ll:y. 
The f1xed-end moments over the width .6.q> a sin 7rj are determined exactly 
as in frame analysis. AsS'tmling the beam to have a relative displacement of its 
ends, .6., without rotation, the momen.ts are 6 EI/L2 . .6... Assuming a positive relative 
displacement .6. with increasing angle e: 
2. 5 COMPUTATION OF THE RESULTANT RADIAL BESISTmG FORCE 
The radial resisting force which in the static analysis is compared 
with the applied .force, 1.s. used in the computation of the mass acceleration in 
the dynamic analysis. Th1.s radiaJ. resisting force has components from two 
basd.c .parts of the shell .. 
The radial resisting :force contributed by the bending moments is 
equal to the difference in the shears on each side of joint j. This is simply 






v. - V. 1 J J-
16ml (M- cos B . . l)-(~ . cos e '~l) 2 ~ -~j+l J+ -~j-l J~ 
(2.12) + 
That part of the radial resisting force due to mid-plane thrusts is positive 
radially inward and has the component: 
Fe sin '1 + Fe s in a; + D.<p F <P. sine. 
j j-l J J 
There is contained in this expression the assumption that an adequate representa-
tion of the average slope of a beam due to' radial deformation is given by the 
difference in the deflection of its ends divided by beam length. 
2.6 ADDITIONS TO PRECEDING ANALYSIS TO MAKE TEE PROGRAM FOR 
TEE DIGITAL COMPUTED MORE EXACT 
As will be described later, it is necessary to relax the axial thrusts 
to provide static equilibrium in the u (meridional) direction. To do this it 
is necessary to rotate all thrusts at each joint with respect to some fixed ref-
erence line. Once the thrusts have been rotated and the components along the 
fixed reference line are known, a distribution of the unbalanced thrust at each 
joint is made and carried over to adjacent joints. The balanced thrusts are 
then rotated back to their original positionso It is thus ?ecessary to record 
the rotations of the ~beams 211, since it is assumed the axial thrusts are in 
the direction of these beamso Choosing the original tangent to the undeformed 
shell surface as the fixed reference line, the angle of rotation between the 





FIG. 2.1 AND 2.2 
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PROGRAM FOR THE .. DIG ITAL COMPUTER 
301 GENERAL EXPLANATORY INFORMATION 
This program was written specifically for the University of Illinois Y 
digi tal computer 0 ILLIAC uses binary ari tbmetic and as a result many of the cod-
ing features are peculiar only to a binary computer 0 The code itself will there-
fore be presented in general te~s in such a fashion that it may be adapted to any 
computer 0 
The instruction code in its finished form is quite lengtb¥ even when 
use is made of iterative procedures and internal cycling within subroutineso The 
program requires approximately 2000 instructions plus addi tionaJ. instructions used 
for such normal operations as input and output routines a Taking cognizance of 
this large instruction code, it is necessary to store the program on an auxiliary 
slow-access magnetic drum and use the high-speed access memory for data storage 0 
Each individual subroutine as it is used is pulled off the magnetic drum and 
planed in the high-speed memory and then entered and obeyedo Using this procedure, 
there is left sufficient storage space in the high~speed memory to allow analysis 
of a tapered beam section with 20 joints 0 
However, it has been found that~timewise the most advantageous number 
of divisions in the tapered beam is from 8 to 100 This appears to be the most 
economical choice when length of computation time is balanced against the relative 
inaccuracy of only using a few segments in the analysis 0 
302 MATHEMATICAL PROCEDURE USED TO SOLVE DYNAMIC EQUATIONS OF EQUILIBRIUM 
30201 Over-all Procedure 
The procedure used in the program consists of eight basic steps~ 
(1) Apply external load to the shell radiallyo This is P. a 
J 
15 
(2) Compute mass radial acceleration at each joint If j It 0 
( 3) Fr'om a numerical procedure, integrate the acceleration twice to 
obtain mass radial displacement, WjO 
(4 ) From the radial displacements, w., compute the fixed-end thrusts 
J ' 
and fixed-end moments. Set all ~ = o. 




fixed-end moments. Relaxing the thrusts allows the masses to 
translate in the u direction until static equilibrium. holds. 
Relaxing the moments allows the joints to rotate until rotational 
equilibrium holdso 
Using the relaxed thrusts and moments, compute the radial resisti ng 
force at each joint. This is FRO 
The corrected mass acceleration is 
"0 -'_ "[j1 
... ·J:R 
m 
Compare corrected acceleration with assumed acceleration in step 
(2). If they agree, dynamic equilibrium holds in the radial 
directiono If they disagree, repeat steps (2) to (8) using the 
acceleration computed in Step (7) as the new assumed acceleration 
in Step (2)0 Repeat steps (2) to (8) until the process converges 
to a ,desired degree of accuracyo 
This procedure is repeated for each timewise increment of pressure loadingo It is 
noted that there are two "fixed-end" relaxation cycles inside each trial accelera-
tion cycle 0 These relaxations are interdependent and must be discussed separately. 
'02.2 "Beta" Method Used to Integrate Accelerations 
This procedure assumes that the acceleration within a short increment of 
time depends on a parameter tlt3H which is characteristic of the acceleration curve. 
For this investigation, it was assumed that over a very short period of time, .6.t, 
16 
the acceleration function could be represented by a straight line. For this 
variation, "~" = 1/6, and the integration relations become:* 
The superscript dots indicate differentiation with respect to time. At time, 
t = 0, the shell is undisturbed and w = w = O. However, there is an acceleration 
at t = 0, and this is simply the external force divided by the mass. Thus at 
t = 0, wt=O' wt=O and wt:O are known.. If the acceleration of the mass at the end 
of the interval is known, the velocity and displacement at the end of the interval 
can be computed from the Beta relations. The procedure now is to assume an ac-
celeration at the end of the interval, compute the corresponding displacements 
and internal forces, and then calculate the true acceleration. This procedure is 
repeated until the assumed and calculated accelerations agree. 
302$3 Relaxation Procedure Used to Balance Moments and Thrusts 
Initially at the beginning of the Beta Method cycle, the displacements 
of every joint are computed 0 From these displacements the fixed-end thrusts and 
fixed-end moments are computed. Two simultaneous relaxations are then made. The 
unbalanced moment at each joint is distributed according to the beam bending stiff-
nesses and then carried over to adjacent joints 0 Similarly the unbalanced axial 
forces are rotated to the surface tangent, distributed according to the beam 
* No Mo Ne"WID.ark, U Computation of Dynamic Structural Response In the Range 
Approaching Failure n, Symposium on Earthquake and Blast Effects on Structures, 
1952" 
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extensional stiffnesses rotated back again and then carried over to the ad-
joining beams" 
These relaxations are cycled until all joints are balanced both 
with respect to axial forces and moments. Depending on the number of joints 
used, this procedure will require from 3 to 10 cycles to reach satisfactory 
convergence. With the finally accepted values of thrust and moment, the result-
ant acceleration is computed, and the Beta procedure is re-entered to check the 
value of the computed acceleration. 
These relaxations at every step satisfy static equilibrium. in the 
meridional direction and dynamic equilibrium in the radial direction. It is 
assumed here that the effect of the inertia" force in the meridional direction 
is small enough that it may be ignored in comparison to the mid-plane forces 
themselves. 
No equilibrium check is necessary in the circumferential direction 
since each tapered beam behaves exactly like its two circumferential neighbors. 
303 ELASTIC BUCKLING CRITERIA 
It can be said that an element of the shell is in the process of 
elastic buckling if its deflection continues to increase without increasing 
load. There is at least one method available for detecting the buckling 
tendency on a computero If the shell is buckling, the mass accelerations will 
increase without limit. Allow the program to run until the shell accelerations 
exceed those predetermined for scaling purposes as the maximum accelerations. 
Then the machine numbers exceed scaling capacity and the computer will hang up. 





where the accelerations may exceed maximum allowable values, but the shell 
is not in the process of buckling. Admittedly this procedure has drawbacks, 
18 
and as yet a satisfactory solution has not been found which is both economically 
feasible and theoretically foolproof. 
30 4 FLOW 'DIAGRAM COMMENTARY 
On the following few pages the program is presented in flow diagram 
form 0 In Fig. 3.1 the over-all flow diagram is, presented. This is intended 
to represent the sequenc'e of orders followed by the computer in making the 
dynamic analysiso The program is started by transferring control to the first 
instruction in the Master Control Routine. 
, ~ 
This Master Routine reads in all the shell parameters such as radius, 
thickness, opening angle, etc., ana then reads in the initial pressure in-
crements" Since· all the pressure data is read in by increments from a data 
tape, the program can handle ~ continuous type of pressure pattern. _ 
From this point. on, the control automatically follows the pattern 
shown on the flow diagram. When static and dynamic equilibrium are satisfied 
(ioeo) when the assumed W for each joint agrees with the computed w), the control 
is transferred to a print routine which prints out the radial deflect~ons, and 
the total moments and thrusts acting at each joint. The next pressure and time 
increments are read in and added to the previous total pressure and time, and 
the calculations continue again for this new pressure with the previous w, W 
and w as boundary valueso In Figo 302, the flow diagram for the moment dis-
tribution and thrust distribution subroutine is given. This relaxation pro-
cedure is iterated successively f~r each joint. During these iterations, if 
the test for unbalanced moment or thrust at, any joint is not acc~ptable, the 
"recycle" counter is set. When all joints have been balanced, the "recycle" 
counter is detected, and the subroutine proceeds to make another distribution 
19 
ana. carry-over. After a number of steps of distribution and carry-over, the 
moments and thrusts converge within the acceptable tolerance, and the control 
exits from the routine. A normal series of distribution cycles requires from 
5 to 10 iterations. The large amount of iterations is due to a very strict 
tolerance on the distribution procedure. This is necessary since even a very 
small rotation of the joint has a large effect on the momentso 
Likewise in Fig. ,." the flow diagram for computing the resultant 
acceleration of each joint is presented. 
, 0 5 PREP ARATION OF DATA TAPES FOR THIS CODE 
In addition to the master tape on which the main instructions have 
been placed, the solution of anyone problem requires the preparation of two 
data tapes. The first data tape supplies all the information about the physical 
shell while the second supplies the loading information. 
,.501 Shell Data Tape 





80F.OOF or OOF OOF 
26 l70N 
+ .. 0 .................... ., 
+ .. 0 ••••• 0 •••••••••• 
+.0 •••• 0.0000 ••••••• 
+000.0-.0 •••• 0.0.0.8. 
+0& •• 00." •••• 000.0 •• 
+. 0 ........ e • 0 • II 41 .... " ••• 
N 
b-l is an integer used as a counter 0 
c is aQ integer presently set at 50 
for buckling criterion. 
b is an' integer number of segments 
intO' which shell is broken. 
j80F sets final print only. }' 
~OF sets intermediate print. 
E (ksi) scaled down by 105 
~~ (Radians) scaled up by 103 
~e (Radians) scaled up by 10 
Radius a (inches) scaled down by 10' 
Thickness h (inches) scaled down by 10 
k" 2 Mass density P ~p - sec 
" 4 m. 
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" If The counter b, which indicates to the program the number of 
segments into which the shell is divided, is used to compute the total semi-
opening angle of the sheIla 'rhe semi-opening angle, e, is simply b·6e. The 
counter "c" is used to determine the limit of iterations for comparing the 
assumed mass accelerations to the computed accelerations. It has been found 
that if a strict tolerance is set on the comparison, it may take as many as 
100 cycles before acceptable convergence is achieved. By using a less strict 
tolerance, this number is grea~1y reducedo At present the convergence tol-
erance is set for agreement in the fourth significant digit of the scaled 
numbers representing mass accelerations. With this fairly lenient tolerance, 
the process only takes about 5 cycles to converge. Thus to detect a buckling 
tendency, the counter "c n is set at 50. When the assumed accelerations fail 
to agree with the computed accelerations in the fourth significant digit after 
50 iterations, the computer assumes the shell is buckling and prints out 
relevant data. 
The instruction 80F OOF or the instruction OOF OOF (use only One 
of these) determines the printing formato If' 80F OOF is used, only the 
final data will be punched after the pressure tape is exbaustedo However 
if OaF OOF is used, the program will punch out shell deflections, moments 
and thrusts for each time increment in addition to the final punch outo 
This option is included here since the punching time is about 5 times as 
10ng as the computation time itself. The program converges to acceptable w 
for each segment in about 20 seconds for a la-segment sphere 0 However, the 
punching of answers f'or onetime increment requires about ]. 1/2 minutes .. 
Thus a. user desiring only data at the end of a buckling analysis can choose 
the final punch option and reduce the machine time accordingly. 
'Ib.e phys1eal shell. data are punched as scaled numbers up to 12 
decimal d1.g1ts. Because of the wide range, of' parameters it was necessary to 
set maximum and minimum bounds for each parameter <II They are: 
0 < E < 105 (units of kips per in .. 2) 
-
0 < 6'1> S 10 .... 4- ( un! ts of' radians) 
0 < 68< 10"'1 (un.j.ts of radians) 
1.O < a < 103 (units of inches) 
0 < h < 10 (unj.ts of inches) 
f kiE-sec 2 0 < p < 1 (units o 4 
in .. 
Note that although ~'P is varl.able) the data 'are independent of its mag-
nitude. At present it is set at 00005° which is equivalent to 3~6 x lO ... 4 
radians .. 
3 .. 5 .. 2 Blast Loading Tape 
The pressure data was designed to be adaptabJ.e to ~ continuous 
















(ksi) Scaled down by 10 
(seconds) Scaled up by 10 2 
(ksi) Scaled down by 10 
N 
ft 2, L:>P2 N 
etco, for entire pressure loading 0 
P J the initial pressure at time zero, is stored initially.. Then 
a 
the program reads in an additional time and pressure increment for each step 
in the computation. Since the time increment (measured from time zero) is 
always positive, it was convenient to test its algebraic sign each time a 
new pressure increment is read in. To stop the program it is only necessary 
to supply a negative time increment at the end of the pressure tape. 
This general form of pressure tape is completely adaptable to any 
shape pulse of any duration. Not only can the pressure increments vary from 
interval to interval, but the time interval can also be varied 0 Although 
this present investigation only studied triangular pulses of finite duration, 
other types of pressure decay can be handled as long as the time interval 
satisfies stability and convergence requirements 0 At present a constant 
time interval of 0.0001 seconds is being usedo This time interval gives 
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CHAPTER 4 
PRESENTATION OF RESULTS 
The coded program. f'or the digital· computer was used to determine the 
res~onse of' certain spherical shells to uniform radial pressure with a triangular-
shaped pulseo The following parameters define these shells 0 
10 ajh = ratio of shell radius to thickness 
2 .. 2 (a/h) = square of ratio of shell radius to thickness 
30 e = semi-opening angle of the shell 
40 'T IT = ratio of breathing period to duration of pulse 
o 
The values of these parameters that vere used were: 
·a/h = 50, 100, 200 
po/qcr= 001,006, 
8 = ~o, 45° 
'TIT = 0.125, 1, 2 
o 
By exhausting all canbinations of these parameters, 36 different problems were 
investigated on the computer 0 Complete time histories vere obtained for deflec-
tions and stresses at eight equi-distant points on half of the shell meridional 
surface 0 These time histories 'Were then converted to:.a nondimensionalized forma 
For the }6 cases investigated, complete time histories for deflection and 4 
stresses vere obtained for each joint 0 Thus, in total there are 1440 time 
histories -available 0 However, much of the data have 5.imilar characteristics 
and so it is sufficient to present here only Htypical" time histories o These 
typical time histories will suffice to point out the general pattern of timewise 
variation of stress and displacement, and will also depict the comparative magni-
tudes of these functions with ~espect to the position on the shell 0 
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In addition to the time histories, a series of tables is presented 
which contains all the data compiled from the investigationo These tables 
present all the maximum stresses and displacements in terms of a base stress or 
displacement 0 The relative time of occurrence of these maxima is also presenteda 
It is important to note here that these data are presented for the first timewise 
maxima of each functiono As the time-history graphs will clearly show, many of 
the absolute maxima do not occur on the first cycle, but occur latera The data 
is incomplete with regards to this point because of the relative impracticability 
of making a complete timewise analysis of each problema The analysis was only 
extended to the first or second maximuma 
Also included herein are five cross-sectional views of the variation of 
displacement or stress across the shell as eac~ particular function is going 
tr~ough its first absolute maximum value. These representations will aid in 
visualizing the change in stress across the shell surface 0 They can be considered 
as represe~tative of the typical variation of stress at any time until the stress 
passes through its first maximum. After that time, however~ the shell segments 
stray out of phase and no general pattern can be presented to cover all cases 0 
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t/T I 0.61 0.)6 0.54 0.56 i 0.59 0.)2 I O. b() , O. 61~0. 50 0.)9 0.50 0.58 
a /a 11.8092 1.8787 1.8681 1.9240 1.7885 1.8162 T, 1.9.3 ....5 .. 3\i 2 .... : .. 0.-814.11 11.7404 1.9803 1.1339 1.7948 ac I !!
tiT' 1 0.60 0.50 0.53 0 .. 56 0.50 0. 52 J_~ ____ 42 _ 0.61 _It 0.50 0.57 0.50 0.56 
TABLE 4.1 MAXIMUM RADIAL DISPLACE;.,fENTS AND MAXIMUM STRE3SE3 IN A SP:lERICAL 
FIXED-EDGE SHELL SUBJEC1'TID TO A UNIFORM RADIAL DY.\TArvIIC PRESSURE 




a/h = 100 a/h = 200 
L . __ ._________ ____ _ _______ ~-_ I 
e = 30° e = 45° e = 30° e = 45° e = 30 0 e = 45° 
lP~7<l~-;- ~ __ ~_,,1 0.6 0.1 0.6 0.1 0:6 0.1 0.6 0.1 0.6 0.1 0.6 
a/h = 50 
w Iw 1.6004 1.6111 1.6097 1.6192 1.6459 1.6764 1.5846 1.6042111.6212 1.6464 1.5695 1.5833 
a I 
I 
tiT 0.33 0.45 0.45 0.47 0.47 0.48 0.45 0.45 I! 0.45 0.47 0.45 0.45 
we /w 1. 9608 1. 9739 1. '7026 1. 6903 1. 8607 1. 9450 1. 6213 1. 6436 r 1. 621;> 1. 64 39 1. 6252 1. 6408 
tIT 0.44 0.51 0.53 0.56 0.55 0.60 0.45 0.46: 0.45 0.46 0.45 0.46 
'wd/w 2.18n 2.'039 2.0513 2.1615 2.0396 --~2~1629 1.9245 2.0824 fi:8869 2.0678 1. 7851 1.8183 
tiT 0.55 0.50 0.50 0.53 0.48 0.50 0.48 0.5~;~ 0.47 0.51 0.48 0.49 
I -.- I--- - - r--------- -
crbm/o 2.4790 2.6548 2.7358 2.3944 2.4908 2.6267 2.6152 2.8668 Ii 2.4777 2.7003 1.8203 2.0033 
, I; 
t If 0 .. 29 0 . 31 o. 30 o. 31 0 . '28 o. 30 o. 33 0 . 41 J; 0 . 35 o. 33 0 . 44 0 . 49 
I--- --------l ;----
cr /0 1.0914 1.1169 1.3212 1. '2727 1.2568 1. ~129 1.4307 1.4448;: 1.3718 1.3901 1.4886 1.4978 I 
am I' 
tIT 0.43 0.45 0.45 0.45 0.44 0.44 0.45 0.47 110.45 0 .. 46 0.46 0.47 i 
----- f--- t--
0bc(a 0.5744 0.6151 0.4829 0.5109 0.5064 0.5340 0.5931 0.6502 10.5812 0.6334 0.3663 0.4031 





1.3566 1.4182 1.4427 1.4677 ,! 1.4060 1.4310 1.4092 1.5130 !I' 1.3533 1.4764 1~3478 1.3611 
0.46 0.48, 0.49 0.52 11 0.47 0.49 0.48 0.53 0.44 0.50 0.46 0.50 
TABLE 4.2 MAXIMUM RADIAL DISPLACEMENTS AND MAXIMUM S'IRESSES IN A SPHERICAL 
FIXED-EDGE SHELL SUBJECrrED TO A UNIFORM RADIAL DYNAMIC PRESSURE 
TIT = 1 
° 
~ 
r: a/h = 50 [ a/h = 100 a/h == 200 Ii' (.j ~ :flO e ~. 45° ~--- e ~ :flo ...... '8" ~ 45° B ~ :flo r e ~ 45° 
1':_o_~~_'r,_,-----"c-l~~:77 1~~~9 -1~~84~\:)'4 t 1~~i81 ~-t~~~~ ~:~~~'3c-1:~1l~~~-1~~~1611:~~4~-~+~-~:~~~-L--~ _0_,_6 -
a 1-'-, ' : 
.-__ ~{T_ 1,_ ~~)6 .. _ o.~!:.. ____ 0.40 __ ~~_j~_~.40 ~0.41 ____ 0:40,,+ 0.40 ~~ 0. 40 1 o.)~~ _: ___ ~_'_29 _. 9. 40 
'1.5207 1.5392 1.'->()61 1.187tJ;: 1.1780 1.'2470 1.?17G I 1.2.?3~ 1. ')165 1.'2284 I 1.~181 1.;~?4B w I-e W 
o . 1} 1 0 . 41 0 • 42 0 . 4 ) 0 . 40 0 . 45 0 . 40 0 . 41 . 0 .1+0 11 0 . 1+1 i 0 . 40 0 . 41 
1.5877 1.5392 1.4<390 1.5013 1.3135 1.5491 1.4154 1.4739 --< ,-~-~40~6' 1. 4G96- ·1-;:-3~·34·-1.3~64 




tiT" I o .1+~5 0.43 0.45 0.45:: 0.44 0.45 0.42 0.4J.~: 0.4:~ 0.11.4;_~0')+? o.4? 
(\~(j i ').00,:,6 ? 0&:14 2. ~)S 55 2.3590 1 r 2.0997 2.164'7--2.0641 ? .133;- ~ 1. 9871~. O~8 3 1 ~j~09 1. 4477 
f-~lT . __ ' __ ~_~_26 o. 30 ~ .. ?7 o. '28 ~ : o. ~5 o. 2_~ o. 35 o. ~ I .9. !_! ___ 9_.!4 ___ O. 4~ __ ~._~_~ __ 
a la " 0.3306 0.3440 0.9938 0.9573 i'I' 0.9922 0.9155 1.0758 1.0783 l.r1 00 324 0.0377 1.1144 1.1148 
am I' I Ii 
t IT : : 0.?3 0 . 40 o. 39 0 . 39 ! \ 0 .1+1 0 . 39 0 . 40 0 . 41 ! i 0 . 39 0 . 40 0 . 41 0 . 41 
~-.--~:;- I: --- ... _n __ ._ - .. - .. _d ____ . __ . -- '-~r-' d' __ ' ------.--- · ____ ~_-_d. 
Gbc/cr :: 0.4558 0.4'(10 0.5455 0.5600 I! 0.4204 0.41?0 0.5018 0.5321 :; 0.4215 0.4450 0.30'76; 0.3249 
; ~ I I 
tiT , ! 0 . 42 0 . }4-4 0 . l~ 5 o. 45 : IL: 0 ~ 45 0 . 45 o. 45 0 . 45 : ! 0 . 45 0 . 45 0 . 45 . 0 . 45 ---.-.---.-~ ~---.----. -.. -. ----.--.-.. -.--.- ----.-.-----------1 - .... - ... -_ .. --- --. .. .. -.-.. --r.-.-------.- ---. ' ... ,- .... ,- .. --------.1..----... - ------ --.. ------- -.- -.---------+-- ..... -.----0a:!7i : 0.9887 1.0671 1.0531 1.0399 il. 0.9579 1.0466 1.0397 1.0746 ;! 1.0199 1.0576 0.9958 ,1.0999 I 
tiT '0.33 0.4-1 0.44 0.4-5 ~i 0.42 O.l.~l~ 0.42 0.4~ 0.40 0.L~3 ~~~ I 0.42 J 
lIABLE 4. 3 MAXL\fiJM RADIAL DISPLACEMENTS AN:) MAXIMUM STRESSES I:{ A SPfIEHICAL 
FIXL'J-EJGE STELL SUBJECrIL) 11() A Uf\fIJ?oru"r RADIAL DYTJAHIC PRE3SUH1~ 
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CHAPTER 5 
DISCUSSION OF RE$ULTS 
The typical responses are depicted quite clearly in the time histories. 
5.1 DISPLACEMENTS 
It is noted that until the shell passes through its first period, the 
entire shell moves in and out as a unit except near the fixed edge ~ere the bend-
ing resistance holds down the movement of nearby points. After passing th~ough 
this first period, however, the poinwon the surface vibrate out of phase and the 
effect of nonlinearity becomes magnified. 
During the first period, the maximum ra~ial displacement occurs as a 
IVdimple" roughly 1/4 of the way from the clamped edge to the apex (see Figo 401) 0 
However, after the first cycle, the top of the shell begins to have the larger 
deflections. By this time the wave of bending moment (meridional) has passed from 
the fixed edge to the apex and at certain stages actually acts to amplify the dis-
placements rather than reduce themo 
Note that the various sections of the surface move more as a unit in 
the 450 shell than do the same sectors in the 300 shellD The 300 shell seems 
much more inclined to increase its displacements. This appears to be due to the 
fact that the wave of meridional bending moment passes more quickly to the apex 
in the 300 shell than in the 450 shell and apparently amplifies the displacement. 
502 MERIDIONAL BENDING STBESS 
During the first period of forced vibration of the shell, the maximum 
meridional bending stress occurs at the clamped edge, and completely dwarfs the 
bending stress at all other positions of the shellD Then the wave of moment 
begins to ascend from the fixed edge to the apex, and by the time the shell has 
70 
passed through 1 1/2 periods, the maximum bending stress occurs at the center of 
the shell" Although the analysis was not carried past the second period of vibra-
tion, it is reasonable to assume that the wave continues to ascend upward to the 
apex, and then reflect backo The fact that the bending resistance actually assims 
in increasing the shell displacements may very well be a leading factor in pre-
cipitating collapse of the shell at the apex 0 This may well occur after the third 
or fourth completed cycle of vibrationo 
Note again that the bending stress is much more pronounced in the 300 
shell than in the 450 shello 
5.:; MERIDIONAL AXIAL STRESS 
From the time histories of meridional axial stress, one notes that 
there is no tendency for this stress to increase after the first period. It is 
also noted that this stress is higher in the 450 shell than in the ?lJo shell" It 
seems that the bending resistance is indeed carrying most of the external load and 
that the membrane stress remains fairly well behaved. That these stresses do not 
get out of phase is indeed worthy of note. 
504 CIRCUMFERENTIAL BENDING STRESS 
As in the case of circumferential axial stress, the circumferential 
bending stress does not exhibit much of a tendency to increase after the first 
periodo The stress near the clamped edge remains the largest in magnitude and 
continues to be positiveo However, the bending stresses at the center of the 
shell and near the apex remain of small magnitude, but also change signa This 
reversal of stress is consistent with the in-and-out motion of the sheIla 
Note that the magnitude of this bending stress is only about 1/10 of the 
meridional bending stress 0 
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50 5 CIRCUMFERENTIAL AXIAL STRESS 
Again it is observed that the membrane stress behaves quite regularly, 
and all points of the shell remain at the same stress level for the first period. 
. 0 ~ter the first period however, the;o shell begins to show a tendency to get 
out of phaseo 
Note that both the circumferential axial stress and the meridional axial 
stress behave almost identically in· phase and are of the same relative magnitudeo 
50 6 TOTAL STRESS 
By summing up the ind~vidual stress histories one finds that on the 
average, the total meridional stress is about 2 1/2 to 5 times larger than the 
total circumferential stress. 
GHAPTER 6 
CONCLUSIONS 
6.1 EFFECT OF alh RATIO 
That the dimensionless stresses are indeed a linear function of 
the ratio of shell radius to thickness can be seen in the charts of maximum 
values plotted as functions of a/ho Here it is noted that the stress when 
given in terms of the base stress a is practically constant regardless of the 
ratio of a/ho However, G itself is a function of a/h (cr = p a/2h) , and so 
o 
it turns out that stress is simply a line'8,r function of p a/h. However, as 
o 
will be shown later, stress is a nonlinear ~unction of the external pressure 
p for large pressures and so it can only be said that stress increases linearly 
o 
with increasing ratio alh for small pressures. 
6 .. 2 EFFECT OF (a/h)2 RATIO 
The effect of the ratio (a/h)2 is indicated in the response of the 
structure when subjected to changing loadso All the shells investigated were 
subjected to initial pressures of Ool and 006 of the critical static pressureo 
This pressure is given as, 
The result of raising the external pressure from 001 q to 0.6 q was to 
cr cr 
increase the stresses and deflections almost exactly 6 times until the first 
maximum value was reached. 
This seems to indicate that over a wide range of the pressures 
the shell behaves linearly up to the time of the first maximum. 
73 
However, after the function passed through its first maximum value, 
its amplitude for p = 0.6 q began to increase rapidly. This is attributed 
o cr 
to non-linear behavior of the shellq Thus for large pressures the shell re-
sponse can essentially be divided into two entirely separate parts. up till 
the first maximum, the shell behaves linearly; after that the shell behaves 
nonlinearly.. Thus a nonlinear theory seems to be quite necessary when analyzing 
dynamic response. 
6.3 EFFECT OF CHANGmG THE SEMI -OPENING ANGLE e 
As the time histories and charts of maximum values will show, varying 
the semi-angle of opening from 300 to 450 has an insignificant effect on the 
displacements and stresses. The small effect, however, that is evident can be 
stated thus: with increasing opening angle, deflections decrease while stresses 
increase. 
6.4 EFFECT OF TIT RATIO 
o 
When the ratio of shell period to pulse duration, TIT , is increased, 
o 
stresses and displacements decrease. Thus as the pulse duration, T , increases, 
o 
the stresses and displacements increase. This increase is approximately linear 
with T .. 
o 
605 GENERAL CONCLUSIONS 
Those conclusions which can be presented in a general form are listed 
below for convenience. 
10 Maximum axial and bending stresses are each a linear function 
of the ratio of radius to thickness, alh, for alh from 50 to 200. 
20 The maximum displacements and bending stresses are also a linear 
function of the ratio (a/h) 2 up to the time of the first rnaximumo 
After that time however, apparent nonlinearity developso 
30 The effect of increasing the semi-angle of opening from ;00 to 45° 
is not significant 0 
40 stresses and deflections increase with decreasing ratio of shell 
period to pulse duration7 TIT 0 o 
PART II 




101 INTRODUCTORY COMMENTS 
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The analysis of the framework analog is presented in this part. The 
objective of this analysis is to obtain the complete membrane solution for 
spherical shells with various opening angles subjected to a triangular blast 
loading. The analogous framework has been derived from consideration of equal 
stiffnesses under identical loadings and is presented in Appendix A. The 
analysis includes the determination of natural modes and frequencies for the 
framework and the modal analysis to determine the dynamic response to blast 
loadings. 
1.2 SYMBOLS 
A = J1:rea of bars 0 
E = Modulus of elasticity of material of bar and shell 0 
e = Strain in bar 0 
e
v
' eh , eD = Strain in vertical, horizontal ~~d diagonal barso 
F(x), F(Y), F(z) = Resultant forces in x, y, z directions. 
h = Thickness of the shell .. 
Lv' In, ~ = Length of vertical, horizontal and diagonal barso 
m = An integer describing circumferential distribution of the 
displacements. 
Q = Force in barso 
= Displacements parallel to x, y, z axes where 
the subseript refers to panel point i, jo 
x v z L' L' L x, y, z direction cosines of member concerned. 
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t t t 
zt] X, y, z projections of vertical bars in the top and 
v = bottom panel of a general node point i, j, on the coor-
b dinate axes considered at the center of panel (refer to 
Zv FigD 203) D 
Simiiar projections on the coordinate axes 
considered at the general node point i j 
itself .. 
~YD,zD 
b b b 
~'YD,zD 
t 11 t ~ (~) v (~) , (YD) , 
= Similar projections of diagonal members 0 
b 'i (XU) , b Y (Yn) , 
'i i 
(~) , (Yh ) , (~) = Similar projections of horizontal memberso 
e = Vertical sem:L:--opening angle. 
~ = Horizontal opening angleo 
~h7 ~v' ~ = Poissonis ratio in horizontal, vertical and diagonal 
directions 0 
Iln. + ~v 
~ = 2 




2.1 DESCRIPTION OF FRAMEWORK 
Figure 2.1 presents a general view showing the framework pattern 
and the arrangement of bars. It consists of vertical and horizontal straight 
bars which are joined together to form six meridional frames and three hori-
zontal ring frames. In addition: it has also diagonal bars in every panel ex-
cepting the top-most ones. Figure 2.2 shows the coordinate system (x, y, z). 
u is a displacement radially outward in the horizontal (x, y) plane. v is a 
tangential displacement in the (x, y) plane. w is vertical downward. Positive 
displacements correspond to positive (x, y, z) directions. 
2 () 2 DETERMINATION OF NATURAL MODES AND FREQUENCIES 
2.2.1 Static EqUilibrium Equations 
Figure 293 shows a general node point ij where eight members join 
together. Equilibrium at ij is affected by forces in all the eight members. 
They are designated 1, 2,30 .. 0008 for convenience and to avoid more involved 
subscript notation. 
The static equilibrium equations at ij can be written as, 
n=8 
F(x) I x ~() n = L 
n=l n 
n=8 




I z F(z) n = ~OL 
n=l n 
where Q = E.e ·A . ~ n n 
It should be noted that in the above expressions the sign for 
force Q, should be taken as positive or negative depending on whether the 
bar is in tension or compressiono 
2.202 Strain Displacement Relationships 
The strain in vertical members on a meridian can be expressed as: 
1 
e = 
v L 2 
v 
I<Uil . -u .. ) x + (Wo l . -w .. );l + ,J ~J v ~+ ,J ~J ~
Strain in horizontal members can be expressed as: 
[5 ~<p (v. . I-v .. ) cos -2 + (ui .+U. . 1) ~, J+ ~J J ~,J+ . 6~ Sill - 2 
Strain in diagonal members can be expressed as, 
R 
eD (Member going do"Wl1 towards right) 
= C:- l . - -u .. ) cos 6~ - (vi $+V. _ _ _ ) sin 62q; I ~ C+ ,J+.L lJ' 2' J 1+l,J+l' - -~ ~ 
+ .·f5w. 1 . l-W.~) zD ~+ ,J+ ~J ~ 
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L 
eD (Member going up towards left) 
= [Ui+l,j-Ui,j+l) cos ~ + (vi+l,j+vi,j+l) sin ~ ~ 
+ [0-i+l,j+Ui ,j+l) sin ~ + (vi,j+l-vHl,j) cos !1 ~ 
+ ~Wi+l,j-Wi,j+~ ~ 
The above expressions give the strains in ij panel only which is also 
shown in Figo 2030 For strains in other panels the subscripts of u, v, w displace-
ments will have to be suitably changed D 
20203 Equilibrium Equations in Terms of Displacements: Static Equations 
Equilibrium equations in x, y, Z directions can be expressed as: 
F(x) A~ E t b ~ b t = -':;r;,- (u. 1 .j .... u .. ) x + (wi 1 .... wij ) Z (x) L~ 1+ '0 1J V + ,J v v 
v 
A~ E E t U t Y 
- ---3- (ui .-u. 1 .) x + (w .. -wi 1 j) Z (x) L ,J 1- ,J v 1J -, V V 
v 
+ -t 3 }(ui 1 j 1-2u · .+u. 1 j 1) cos ~2 ... (v. 1 j I-v. 1 . 1)sin~2 ~ ~EO' ] ~) 1- -, +~ 1J 1-, - 1- J + 1- ,J- , D 
... f(ui 1 j 1+2u· .+u. '1 j 1) Si~2 + (v. 1 j I-V. 1 . 1) cos ~2~YDt L -, + 1J 1~ 0 - 1= J + 1- ,J- J 
(v. 1 . I-vi 1 . '1)Si~2)7 2:. 1+ ,J- + ,J..,. J D 
+f(u. 1 j 1+2u· .+U. 1 j 1) sin £!E2 + (v. 1 j I-V. 1 . 1) cos ~2)1 yDb + ~ 1+ ,+ 1J 1+,... 1+ ,+. 1+ ,J- ~ 
80 
+ r(-W. 1 j 1 ,,:,,2'IN. ,,+wi 1 j 1) 7 znbl (~)' ~. 1+ J +~. lJ + J - S ~ v 
f7v. j l""V. 0 1) cos tq)2 + (Ui . 1+2u .. +U. j 1)Si~2~ (~ ) I ~1' + 1,J- ,J+ 1J 1, - n 
F(Y) 
(U. 1 . l-u, 1 j 1) cos ~2 + (v. 1 . 1+2v · .+v. 1 . 1)Sin~2~?tt 1- ,J- 1-, + 1- ,J+ 1J 1- ,J- ~~ 
+ ~U. 1 .. 1-U , 1 4 1) sin ~2 + (v. 1 j 1-2v 'j+v, 1 j 1) cO~2)lYDt l: 1- ,J+ 1--Ju - 1- J + 1 1-, - ~ 
81 
+ \.W 0 ~l . 1-2w 0 .+w 0 -1 "-1 zr \ZD ~ ) J+ 1.J ~ , J . { , }~., . t)i 
~E IT . ~ - -:0 ( _ .6cp ..6q. b + b -,. . '-u.... "1-2u. ,+1.1i 1 . 1)cos-2 +(v. 1 . l-vi 1 . 1)sm-2 X-(L1).) ; L l+..L,J+ 1J + ,J- 1+ ,J- + ,J+ 1) 
{ ) 
..6cp ( ) .6lfq:· b + ~ u. 1 . 1+2u· .+u. 1 . 1 sm-2 + v. 1 . l-v1o+l . 1 cos-2 YD 1+ ,J+ 1J ~+ ,J- 1+ ,J~ ,J-
+ S(w. 1 . l-2w· .+w. 1 . l~}ZbDI (zbD) , ~ 1+ ,J+ 1J 1+ ,J-
The above equations are seen to be complicated and refer to a general 
point ij. Since it was necessary to consider the equilibrium at particular points 
in the system to write the stiffness matrix 7 a different procedure for the 
systematic evaluation of the stiffness matrix, was sought in order not to lose 
track of contributions of different dis~lacementso The contribution to the 
stiffness matrix due to equilibrium at any particular joint was computed in two 
steps: (1) contribution due to the displacement of the joint itself, assuming 
the surrounding joints to be clamped; (2) individual contributions due to the 
displacements at the surrounding joints were then computed by releasing them 
one by one. This method was adopted in a manner similar to physical relaxation. 
2" 204 Equilibrium Equations in Terms of Displacements: Dynamic Equations 
The equilibrium equations can be greatly simplified by making use of the 
substitutions of the form, 
u .. = u. cos mj o.6cp 1J 1 
v .. = v. sin mjo.6cp 
~J ~ 
w .. = w. cos mj·.6cp 1J 1 
which separates the mode shapes into products of functions of cp and Be With this 
substitution the equilibrium equations can be made independent of j~s thus reducing 
the problem of finding mode shapes to one of finding the mode shape for the e 
coordinate only. The framework analyzed in the numerical example has 66 degrees 
of freedom and with the above substitution, it was separated into seven sets 
(corresponding to m = 0 to 6) of 11 degrees of freedom, each. It was thus pos-
sible to use the digital computer to determine the modes and frequencies with a 
library code that is capable of handling 19 degrees of freedom. 
The free vibration equations of equilibrium now appear as follows: 
1. x - Equilibrium Equation 
I J(: :m6m ) 6cp . 6(J) • ~Gl"t t LUi -ui - l cos 't' cos 2 + v i-I sm '2 sm J ~ 
6cp . 6cp . -Acp:l b 
cos 2 - v i+l sm "'2 sm ~ ~ ~ 
2., Y - Equilibrium Equationt 
+ti +1 sin ~ sin ': + (vi-vi +1 cos ~) cos ~Y~ 
+l-'i+1 sin ~]z~ (Y~ I 
2 ~ E [iVi sin2 ~ cos ~ + u i cos ~ sin ~ sin ~-E (Yh ) I 
2 
== m! U1 v. 
l l 
30 z - E~uilibrium Equation 
+ {sin ': (Ui +Ui _1 cos ~) +v i-1 cos ~ sin ~ Y~ 
(Cont'd) 
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The exact membrane shell theory is incapable of satisfying the boundary 
condi tion that all displacements at the edge are equal to zero 0 The normal dis-
placement is allowed to assume any value consistent with equilibrium requirementso 
The framework approximation is capable of satisfying the requirement that the 
boundary be fixed and this is used in all the cases consideredo However, in order 
to make comparisons with the exact membrane theory, modes and frequencies have 
been obtained for the framework for both boundary conditions for the 900 sheIla 
2. 3 DETERMINATION OF RESPONSE TO BLAST LOADING 
The shape of the transient loading considere~ is of a triangular form 
as shown in Figo 204 with initial pressure p and duration T 0 The loading is 
o 0 
assumed to be normal, uniform and concentrated at the joints. 
20'02 Modal Analysis 
This approach is based on the well known property of normal modes, that 
any deflection configuration can be obt,ained by a linear superposition of normal 
modes 0 Expressed algebraically, this means that vhatever values the displace-
ments may have, they can be expanded as a linear series in terms of normal modes. 
Expressing the normal modes of free vibration as, 
~ '\ ~ 
~" ~2 u2 
u, u3 u, 
vI vI vI 
v2 [al, v 2 [~ v 2 [~ n. = = 2' = 
v, v; v; 
va 'Wo 'WO· 
'WI wI wI 
Y2 w2 Y2 
w; 1 w, 2 w; n 
where the subscripts of displacements ;re;f@r to: jOints and. that of displseemen:t 
column matrix to the order of mode. 
Then 
where the coefficient b 11 S a.re2the;· modal ·p.artic!ipS;ti.6nfii.emrs. 
The forced vibration equation of the framework can be expressed in a 
general matrix form as (Figo 205 ) 
[s] Ed] + [p] = [M] Ed] ( a) 
where [S] and [M] are the stiffness and the mass matrix. 
Substituting in Eqo (a) [dJ = 1: b (t) [d] and multiplying throughout n n n 
th by the r mode {d} , we have, 
r 
td} [S]r; b (t) [d]}+ {d} [p] = 
r'lnn -' r 
fd} [M~ b Ed] L 
r L n nj 
It can be shown tha.t 
Cd} [s] [d] = 0 for r f n 
r n 
and from orthogonality of normal modes, 
{d} [M] [d] = 0 for r I n 
r n 
and further from free vibration 
where A is the eigen value for the case considered. And,· 
p = P (1 - tIT ). 
o 0 
th After substitution and simplification we have, for the n mode 
This can be re-~itten as: 
0<) 2 
b + fA) b = 
n n n 
where 2 and W = A. n n 
fd} [M] [d] 
n n 
C (1 - tiT ) 
n 0 
The solution of this nonhomogeneous differential equation with initial conditions, 
o 
that at t = 0, b = 0 and b = 0 is 
C·· I sin w ·t 
b = ~ n + (1 - cos w t) 




A short digital computer program was written to compute the values of 
b and to superpose the modes. Bar forces and shell stresses were obtained as 
n 
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CHAPTER 3 
RESULTS 
3.1 NATURAL MODES AND FREQUENCIES 
Modes and frequencies have been obtained for spherical shells ofsemi-
opening angles of 90°, 60°, 45° and ;00 and for m = 0 and m = 1 cases. In each 
case node points on the vertical meridional circle at intervals of one-quarter 
the opening angle and at intervals of ;00 in the horizontal circle have been 
taken. Natural frequencies for all the cases have been presented in Tables 301, 
3.2 and 3.3 as the numerical factor k in the expression 
W:kV E2 ' 
pa 
The normalized mode shapes for e = 90°, 60°, 450 and ;00 and for m = 0 and 1 have 
Figures 3.1, 3.2, 3.3 and 3.4 show the mode sh?pes for the fundamental 
and next higher frequency for e = 90°, 60°, 45° and ;00 and for m = 0 and m = 1 
cases 0 
302 RESPONSE TO BLAST LOADING 
The following range of parameters was considered in the analysiso 
1 - . . 1 90° 60°, 45° and ~oo o e = sem~-open~ng ang e =,  
20 TIT = Ratio of natural period of mode which has approximately 
° 
uniform radial displacement (T), to the duration o~ blast pulse 
(T ) = 00125, 0.25, 005, 100 and 2000 
° 
Normal loading on shell p = p cos mj'~cp m = 0 and m 
a 
investigated. 
1 cases were 
A total of 640 time histories of displacements and stresses, corres-
ponding to all the possible combinations of above parameters, which include the 
90 
time histories of displacements at different node points and stresses at centers 
of panels have been obtainedo Time histories of displacements and stresses for 
m = 1 case, correspond to the meridian with ~ = 00 
'0201 Displacements 
Tables '08 to ,.17 summarize the maximum u, v and w displacements for 




The tables also show the time instant at which these.maximum displace-
ments occur as tiT 0 Figures '05 to '012 show the typical time histories of 
o 
displacements corresponding to the middle point on the meridian of shell for all 
opening angles and for TITo =0.125 only. 
Figures ,.1, to 3020 show the ·typical displacement patterns corres-
ponding to the time instant at which maximum w displacement of point 1 occurred, 
for all opening angles and for TIT = 0.125 only. 
. 0 
'0202 stresses 
Tables ,018 to ,.26 summarize the maximum O~, 0e and Te~ stresses for 
all the parameters considered, 
Figures '021 to '028 show the typical time histories of stress corres-
ponding to the center of Panel 2 for TIT = 00125 only. 
o 
Figures '029 to 3036 show the typical stress distribution along the 
meridian at time of maximum ° at center of Panel 2 for m = 0 case and at center 
~ 
of Panel l for m = 1 caseo 
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TABLE 3.1 NATURAL FREQUENCY e = 900 ~ . 
Case Where the Normal Displacement at Support Is Zero 
m = 0 m=l m = 2 m = 3 m = 4 m = 5 m = 6 
0&7018 0.7627 008269 0" 7832 0 .. 7474 0.7184 0.7076 
0.7992 008318 0.9172 ID .. 0328 100454 1e0288 1.0289 
0 .. 9177 0 .. 9999 1.0110 1.00476 1 .. 1116 101526 1.1572 
1 .. 1509 1.8747 2.0523 2,,5094 2.9199 3 .. 1796 3.2699 
1 .. 5502 1.9276 21114879 289668 3 .. 2716 3 .. 4355 3 .. 4503 
2~2255 2.7518 2.9341 301984 3,,4378 3 .. 5398 305781 
2 .. 5983 3.4990 2.9045 4,,1685 4.4105 4.3~8 4 .. 3592 
2.8359 4 .. 5358 4.9083 4 .. 6880 4e5299 4.7141 4 .. 8018 
4 .. 1702 4.1523 6.0637 ~.6909 9.0370 9·9071 10,,2069 
5 .. 1998 
Frequency (radians/sec) VI ; = factor x'. -2 
P'8t 
TABLE 302 NATURAL FREQUENcY e = 900 
Case Where the Normal Displacement at Support Is Not Zero 
m = 0 m = 1 m = 2 lIt = 3 m = 4 m = 5 m=6 
00 6789 007007 007876 007781 007446 007158 0.7051 
0.7048 0&76;2 018424 009395 009942 009741 0.9662 
0 .. 8092 0.8487 009433 100416 100721 100847 100863 
0,,9176 0.9999 . 1.0043 100493 101151 101980 102150 
1 .. 1509 109168 200632 2.5111 209199 3 .. 1805 302741 
1 .. 6965 200585 2.5980 ' 30 9377 303036 304486 304503 
2.2255 2.7606 289352 382045 304462 305398 305789 
2,,6823 305356 3 .. 9264 401735 404110 403682 483613 
208359 405456 4. 913tt 406922 405326 407141 4.8018 
401959 5e1560 600637 706909 9,,0370 9 .. 9070 1002069 
51'2045 
Frequency (radians/sec) = factor xV:E 2 p~ 
, 
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TABLE '0:3 NATURAL FREQUENCY 
Normal Displacement at Support Zero 
- 60° e = e = 45° e = :JJ0 
m=O m=l m=O m = 1 m=O m = 1 
0.,7232 0.7757 0.7216 0.7695 0.6828 0.7:;11 
008465 009188 008694 .009433 008777 009481 
009285 101315 009321 1.1940 009412 102258 
105379 2.4244 1 .. 5483 3.147; 1.5513 4.546; 
109275 209238 206748 309488 3.8890 507519 
304207 4 .. 1195 4.6202 505124 608205 801981 
;07179 501:354 4.9408 608641 704094 lao ;159 
40 :JJ77 60 780; 507882 900958 8 .. 6919 1;07079 
602141 70776; 80 :;617 1004728 120 6417 1508~28 
708248 
--
lao 5378 1509:JJ9 
Frequency in (radians/sec) = factor f :a2 \ 
m 
9// 














TABLE 3.4 DISPLACEMENTS OF NORt.fAL MODES FOR e 90° 
0.7018 0.7992 0.9177 1.1)0 9 1·5502 
0.03197 -0.06133 -0.80101 0 -0.~4773 
0.05157 0.7774 o. '239)3 0 -0.413)4 
-0. '34963 -0.15784 0.10)64 0 -0.61446 
0 0 
I 
0 _ 1 7, 7,{., 
-' 
_. 





-0.6913.7 I -0.504)1 




o I -1.)4 ~9 I 0 
-9~001361 I 0 ! 0.59~91 
1.37918 0 I 0.64963 
I 
I -0.061S? i 0 I o. 54~4 
! -0.00()90 h' 0 I 0.41614-) 














2 ~. 59(33 2 . .g 359 4.1702 
-1 .69176 I 0 -5.80971 
-1 .39&30 0 0.01?22 

























r-------t--:::------:>ot-o-.. -7-()-_~-7---+t,-·--0-.~----~~--~--+-9-=-~~2~ . __ 1 :}T~7_=;. ~ 1 ~~,~ I 2. 7513 t-.; 
u1 -0.13f>41 -O.Odl'.1.L O.fJb602 -0.6733u ! -1 . . ~7'J9) I -).90317 0 
.,,~_~o_. r • -._. _____ 
~ I 
u') -O.l:,orjl 1-0 .,)0 111 0.108_)3 -0.1790~'! -1.08J()O I -1.J(ij44 1-1 
L I I . 
u 3 . i -0. ')9965 I 0.07) 3:l 0.10090 0.6:): .. :30' -0. )44'id 0.17151 1-0 
\[ 1 O. ')6422 i O. ?it 74:) -0.47)8 o. 9·.?;?)() 0·9')131 3. ~:35 39 1 - 3. JJ972 I -). '73290 - 5. )4681 
.v? O. 33075 o. :"}C:rr:' -0.13059 0.54"66 -1. :,41'.:1 -11. 7:288 : -0. )6647 i 1. 0 ~5 1.12237 
1 v 3 0.175()7 i 0.13977 I -0.227:)' I -0.034(,11 i ->'. 35860 d. 03990 0.077877 I 0.06102 -0.64800 i 





i I ".., -0. )2 316
1 
0.67541 1-0 . "'0622 I -0·955)4 ! 0.01436 I -i. 9V'M 0.29239 3.10721 10.64029 I 
L_-t_~3 ____ 0_' ~ '77710~0~70 1-0 . 0()709i __ -0_' 39 ~:7_l_ 0 '1::' __ I~:~':_011~j_~2':9~7 __ L_~:~01 - ~'_3_70_8l __ J ~ 
A................. _:... .... a_ ........... A a.-... .. .... iIL...III.ua.A 
TABLE 3.5 DISPLACEMENTS OF NORMAL MODES FOR e = 60° 















0.00l76~~~;66 -0.;2~7 -~-.;~145 O~'-~"~'- -2.-~7354; 0 11.01323 -29. 44599 
0.30360 -0.60379 0.17109 0.35081 0 0 -3.041421 0 -1.43812 20.78395 
-0.13543 -0.'26259 0.13445 0.47923 0 0 -1.22036! C 5.24121 -9.09334 











-1 .. 66906 
0.45521 
0 .. 1671'7 
o 0 -2. 75131 0.91101- 0 I 2.49639 0 0 
o 0 -1.89226 -2.27893 0 -1.25381 0 0 
1-11. 56218 ~o. 77311 0 0 2.01568 0 2.79192 4.71-677 
1.81796 -0.87554 0 0 0.92949 I 0 -2.211)6 I -9.10166 
-0.09866 -0.76259 0 0 -1.24263 0 -2.32834 I" 11.58323 
o 0 -1.97950 0 4.96822 -7.81'200 -0.0957111 -0.63740 
0.7757 I 0 .. 9188 I 1.1315 12.4244 I 2 .. 9238 1 4.1195 I 5.1354 6.7803 7.7763 
U1 -0.02818 -O~11961 0·55907 -0.97718 -6.01588 -10.51467 1.94341 -9.60085 43.0917 
u2 0.32895 Oo6006:~ 0.43844 -0.6;133 -4 .. 59163 .... 4.80515 -2.55128 -4.27105 25 .. 96641 
u 3 -0.71863 0.41983 -0.37895 0.12760 -1.11089 -0 .. 93056 -2.78405 4.70674 11 .. 18237 
VI 0.03071 -0.09146 -0.44914 1.41513 5.57402 5.74900 -6.57439 1-10.53412 12.;8077 
v 2 0.06175 -0.17042 1-0.37411 1. 72124 - 3.01840 -21. 78148 -0.34193 I 1. 79886 2.29455 
v3 -0.00091 -000972'71 - -0.20455 1.00602 -7 .. 66790 13.57412 0.10334 0.06399 -0.94490 
\0 
..J="" 
WI I 0.019557 1.47810 1-1 .33367 -0.54357 -0.12991 1-0.79453 1.91545 -0.90428 t12.13189 
w2 -0.93076 --0.48341 1-0.59681 -1.20941" -1.95252 -2.74327 1-0.30533 1-3.29831 i I4 . 46417 
"3 0. 504391-0 .31640 1-0. 36868 -1.29479 _2.00847_l-1.11090 1-2.99649 4.26789 -9.665~_J 
TABlE 3.6 DISPLACEMENTS OF NORMAL ,M100S FOR '8 = 45° 
fl- -- ~=g T- -~ I-m _ ~ __ t.l~ _~~~21.~_ ~ _0 ~ 8~~ __ _ o. 9 :321___~ '11j8 :3 __ ~:~6748 --i _~4. 6~~ __ 4.9408 + 5. 7882 '\ 0.00623 0.08954 -0.61'290 0.19292 0 ! 0 -4.45448 I 8.3611 -·17.55537 
u 2 I -0.31215 -0.49052 0.1 ')'719 0.31048 0 0 -5.06354 I 0 
u 3 0.62104 -0.3'?983 ,0.1
0
'156 0.40921 0 0 -2.58015 I 0 
v1 I 0 0 I 0 0 -2; 61:342 4.70551 0 I -4.57891 
v 2 ! 0 0 I 0 0 -3.62990 1.19121 0 ! '.29592 
v, I 0 0 0 0 .... ~. 46204 -2.96368 I 0 I -1.64039 
Wo 0.1:399<) ! -2.66096 1-14.0:X>6 I -0·9~:31 0 O! ? :3:3:300 I 0 
I I I I WI 0.01108 ! -1.92655 ·1 2.15258 -1.05903 0 0 1.02623 0 
\12 10136151 0.49104 I -0.10'60 ,-0.91300 0 0 -1.~211 0 













I--'!I..~ 0.7695 0.94}:3 -I 1.19~_u:3·147~ I :3·948& I 5.5124 I 6.8641 9·0958 10.4128 
1 
'\ --o.02~7 -0.15335 i 0.45085 i -1.837621-9.379/31 1-16.082981 3.23694 115813294 ~61.11924 
0.324--10 : 0.45913 I 0.42827 ! -1. 51522 I -7. 55593 I -8.18023 i -1i.06i 76 i 7.00613143.12124 u2 
u, -0~61594 0.:59338 0.39362, -'0.45193 1-2.49814 : -1.93893 1-5.12538 i -8.414804;"20,,01156 
2.66148~ I 8~8I11' I 8.635. 77 ~10.696.18. 1 16. 36535 .. ~18'01324 
3.09348 -4.46080 33.60053 i -0·39520 1-2.82996 I :3.15824. 
1.81543 11.60248 20.10445: 0.16299 ! -0.03647'! -1.28114/ 
- o· 0 I 0 ',0 0 0 
I I I 
0.12964 i 1.79976 i -1.:37202 -0.65827 -0.;'0484 i-O.899131 2.25879 I 1.28108 :-14.11065 
VI 0.01450 '-o.o34~ ! -0.36041 
v 2 0.04206 -0 .10572 ~ ... o. 29226 
v ~ -0.01190 -0. 56606 -0.151161 
o o o 
10.5,.,a 
-46 .. 15592 
34.58014 












-1.12261 1-0.51246 -0.81920 -1.52142 -~.52~ 1 ~;.4724 \-0.4:3501 3.85868 l'11 .. 41488 0·70705 -0.476:37 -0.58254 ~_67~~~~2'_~~~~.:31391:3.6~ -5.24~j_l1.964:~ __ ~~ 
............. IL...A.- ................ _-..6._ lII._a..IIi 
























, O .. OO~; 
-0 .. 24868 






1 .. :ma 
-1 .. 0129 
-




0 .. 09002 
... ,0. :59895 





.... 2 .. 33291 
0,,70045 
0 .. 53}41 
0.9481 
-0 .. 13512 
0.31570 
0 .. 31690 
-0.01835 
TABLE 3.1 DISPLACEMENTS OF NORMAL MODES FOR 8 • 30° \0 0\ 
--r-'--- ~~--;1----­0 .. 9412 1.551, 
'---------- - 1----- .-.- .. -- - .-
0 .. 59604 0 .. 16344-
O.0a612 0 .. 25809 




1-21. 4595 1 -1.24136 
2.10499 I -1.36154 
-0.02063 ... 1.15992 
... 0.110'1 ... 0.95844 . 
1.2258 4,5463 
0 .. 35115 ... 3.2'~4 ~ 
0 .. 35542 -2~99475 ~, 
0 .. 32971 ... 1.51662 ' 
i -0.27}l5 














o I ..J3.16410 
o -9.81891 
o -5.11148 
2 I 6 .. 99086 I 0 
1 1 2.33901 











_ 8.~~-.!2.6411. 1.5.9309_ 
o . " .. 01540 -89.1432 
0 I 5.55191 68.22046 
I 
I 0 ;"'18.81303 - 33.58870 
I -1 0 08514 1 0 0 
I I i 11-.911591 0 0 
-2.16171 0 I 0 
I 
0 1-4.03504 I 6.90822 
0 I 3·39435 t13.59604 • 
0 3.38684 11.9296<) 
0 1-1.62685 -12.59952 
8.1981 10.3159 13.1019 15.8326 --~-4--~~-~~~-4~ ____ '-+I ______ ~ 
360 1 ... 28.53839 6.10030 30.29939 
4 -16.2l.885 -1.52983 113:48034 185.00321 
1 I -4.25111 ! 10 .. 39199 ,-11.29806 r41.62161 
i I I 
.... 0.01169 






-0 .. 01402 
-0 .. 04065 
1 ... 0 .. 21842 
l-o.ll998 
4- I 15.63150 +20.15202 : 3O.090B2 rI32.18392 
20 1-58.16458 i-0.5l578 1-5 .. 2906<) 5 .. 32281 
1 31. 41445! 0.34005 I 0.06288 1-2 .. 02055 I. 0 I 0 l 0 0 
6 .. 35333 
4 .. 65969 .: 
0 
I 2 .. 21319 
1°·12,00 
_ -0.61.522 
0 .. 1210 




-1 .. 65373 
-1 .. 09548 
-0.80052 
0 
6 1-0.91319 I 2.14911 I 1.19666 tl1.85493 
41-4.49,c,s 1-0.6043614.78169122.36082 
_6 -1.12916 -4~_61251 -6.11~49~5.t81~4_l.--__ _ 





TABLE 3.8 SUMMARY OF MAXIMUM DISPLACEMENTS 
u AND w FOR e = 90~ m == 0 
_. p a2 
6 = Displacement = factor x 0 E h 
Panel 7f/To == 0.125 TIT == 0.25 TIT = 0.50 0 0 0 Points 
. +Max._ .. 
-Max +Max ... Max +Max' -Max 
: 
u 0.8541 0 .. 6251 0.9564 0.6122 0 .. 8543 0 .. 5865 
1 




u 1 .. 3514 1.1989 1.4628 1.1582 1 .. 5595 1.0166 
u 2 
tiT 0.5625 O .. O~.?? . 0.6250 0 .. 1250 0 .. 7500 0 .. 2500 ~- f-' .. 




0.5625 0 .. 0625 0 .. 6250 0.1250 . 0.1509 .. 0.2590 
VI 1.7~60 2·.2322 1 .. 6085 2.3645 1.4949 2.6290 
0 
. tiT 
0 0.2963 0 .. 2031 0.1250 0 .. 3150 0 .. 2500 0.7500 
-
.'-... -=~ r-- ." 





0.0625 0.1815 0.1250 0.6750 O .. ~~J5 0.7500 
-
_. 








"r 1.1032 1.5468 1.0702 1.5303 1.0044 1.6192 
3 
t/To 0 .. 0625 0 .. 5625 0.1250 0.6750 0.2500 0.7500 
'TIT = 1 
. 0 . 
+Max -Max 
0.3'(31 0.5350 
1.0000- 0 .. 3150 
.. 
0.5203 0·9250 
.1.0000 0 .. 3750 
0 .. 5,254 1.4985 
1 .. 0000 Q .. 5000' 
·1 .. 2675 1.0525 
0.5000 1.0000 
-
1.1101 1 .. 3159 
0 .. 3150 1.0000 
0.9955 0·9932 





'TIT .= 2 
0 












... - 0.1500 






-- 0 .. 7500 
-- 0.6651 








TABLE 3.9 SUMMARY OF MAXIMUM DISPLACEMENTS 
- 0 u AND v FOR e l!: 90. m = 1 
2 P a 
o U Di sp1acement = factor x Ell 
TIT = 0.125 
n T/~ = 0.25 "T/To = 0 .. 50 7f/To = 1 1 
+Max -Max +Max Max I -+Max I -Ma" ~"';"'l[: -;,,; ... ,.. 
f I I 
'& 
:~ 
T/To = 2 
--r~~---" 
+Max -Max 
2.1992 I 4.1623 I 1.3339 \ 3.9084 ~ 1.8382 3.3956 I 2.6490 1.2691 
tiT 0.9531 0.1250 0.9687 I 0.2500 1.0000 0.4375 I 0.8750 1.0000 I I ~ 
u 0 1. 7'12 -5-~~926-~ 1~5()l8 +4.6976 -h~~;4· -4.0537 - I 3.0151 1. 4725 
·2 ~ I I tiT 0.8750 0.1406 0.6250 0.2812 i 1.0000 0.5000 -- 0.8750 1.0000 
o -+-~ 
u I 2.4491 5.2446 1.1658 4.7562 11.7024 i 3.~ 2.6915 1.6595 
I I I I 







6.7115 I 5.1481 I 5.3541 I 5.6109 12.65351 3.0982 I 2.0273 
~_----1~t~ 0·5937 0.7344 0.6875 0·9375 I °::5125 1_~:8750~~~+-~~-=- ____ -----t 
2.2006 1. 4868 1. 93?6 1. 9173 r;.. 7697 11. 6498 11. 480 3: -- I 1. 0804 
0.9687 I 0.5156 I 0.1562 11.0000 I 0.:5125 11.0000 I 0.5000 I -- 1 1 . 0000 
1. 4222 I 0.5951 I 1. 3623 10. ~91 1. 2777 I 0.8'12 1~i309 I 0.8375 






t/To 0 .. 0812 o~ 2500 1.0000 0.5000 1.0000 
TABLE 3.10 SlJ4MARY OF MAXIMLM DISPLACEMENTS 4~ u AND v FOR e :: 60g m = 0 2 Po a 
6 = Disp1acem.ent r; factor x E h 
0 Panel 
T/Tn = 0~125 TIT", = 0.25 'T/Tn = 0.5 'T/To = 1 T/To z: 2 
Points +Max , 
.. Max +Max ... Max +Max ... Max -.Max -M.ax +Max -Max 
u 0 .. 6901 0"/14:493 0.7241 0 .. 4342 ~ 0 .. 6561 I 0.4040 0.2667 0.3437 -- 0.2588 1 I I 
tIT 0.5625 0 .. 0625 I 0 .. 6250 0.1250 I 0 ... 7500 ,0.2500 1.0000 0.5000 -- 0.1500 0 
1---- - ------t-----.-f------- r------ -- -'-~-
u 0.9544- 0.8651 1.0392 o .. 83TI 1.2084 0.:7816 0.4068 0.6693 ...... 0 .. 5014 
u 2 I 
tIT 0 0 .. 1875 0.0625 0.3750 0.1250 0.7500 0 .. 2500 




u 1.4655 1 .. 3512 1.4549 1.3094 1.5162 1.2259 0 .. 3172 1.0587 ... - 0 .. 7863 
3 
t/To 0.5625 0.0625 0.6250 . 0 .. 1250 0.7500 0 .. 2500 1.0000 0.5000 -- 0 .. 7500 
-.' I 1.7008 2.7452 1.4581 1.0490 1 .. 1322 v 1.8828 1 ~.6115li8221 . 2.4148 ... -
0 
t/To 0.0625 ,0~~~25 0.1250 . 0.3750 0 .. 2500 0 .. 7500 0.5000 1.0000 0.7500 --
-




t/To 0.4315 0 .. 5625 0.1250 0.6250 0.2500 0 .. 7500 0.3750 1.0000 0.1500 ..... 
w -- ----_. ----...-._----_ .. '---
v 1~6153 2 .. 1563 . 1.5619 . 2.3047 1.4551 2.6401 1 .. 2420 1.1332 .1.016,\ 
--2 
t/Tej . 0 .. 0625 0 .. 5625 0.1250 0.6250 0 .. 2500 0.7500 . 0.3750 1.0000 0 .. 7500 --
f----. 
i f "--' 
v 1 .. 6291 
1. 9501_' 5784 .1 .. 9604 1 .. 4171' 2.0667 1.2743 0.5994 0.9790 --3' 
tIT> 0 .. 0625 0.56250.1250 0.62'50 . 0.2500 0.7500 0.5000 1.0000 0.1500 -... 
'0 ~ 
TABLE 3.11 SUMMARY OF MAXIMUM DISPLACEMENTS 
- 600 u AND 'H FOR e = , m = 1 
2 p a 
~ = Disp1aeement = factor x 0 E h 
Panel 'T/To = 0.125 'TIT = 0.25 "TIT = 0 .. 5 'TIT = 1 5 0 0 0 Points 
+Max ,-Max +Max -Max +Max -Max +Max -Max 
u 1 .. 4770 0.9421 1 .. 4082 0·9139 1.4849 0.8576 0 .. 4723 0.7450 
I 
tiT 0 .. 5625 0.0625 0 .. 6250 0.1250 0.7500 0.2500 1.0000 0·5000 0 
-- -----
--- - .. ------------------- -- .. _-_ .. "-- -- --" .. ---. _. -. -_ .. ----- ----. 
u 1.1668 1.202') 1.3495 1.1669 1.0468 1.0958 0.5781 0.9536 
u 2 
tiT 0.3125 0.0625 0.6250 0.1250 0.7500 0.2500 1.0000 0.5000 -0 
- ---
-- . --t----------
u 0 .. 6562 1.0596 0 .. 5729 0.9434 0.5974 i 0.8850 I 0.1064 0.4391 
3 I I I 
t/To 0 .. 9375 0.5625 I 0.3437 0.6250 0.6875 10.7500 0 .. 3750 I 0.8750 
I 
w 2.0422 3.9468 I 1.8219 3.3586 1.6146 I 3.6118 1.0241 I 1.0289 
1 ! I . I 
tiT r-_~~~_21~0-" ~~~1_~~59 37 c _ O •. 37~0 .. L~~75 1-~:7~oot~~7~0-~~~!50 0 _. 
--
w 1.2305 I 1.5374 1.1012 1.7189 1 1•0197 1 1•3475 0.8779 I 0.7829 
w 2 
tiT ~~~2031_~_~._?125 _~=25~--~~~2~~0~=~~10-~7500 0.3750 0 .. 0000 0 
--
w 1.2065 0.1459 1.1481 10 .. 8831 1.0501 I 1.0394 0.8971 0 .. 4526 
3 
0.7812 0.5625 0.1562 I 0.5625 i 0.2500 0.7500 0.5000 1.0000 t/To 
4~ 









0 .. 7141 
-- 0 .. 7500 
0 .. 0829 
--

































L ...... _ '. 
'rABLE 3012 SUMMARY OF MAXIMUM DISPLACEMENTS 
u AND w FOR ~ = 45°, m = 0 
2 
P a 
o 5 Displacement = factor x ~ 
Panel 
Points 
TIT = 0.125 
o 
TIT = 0.25 
. ·0 TIT = 0 .. 5' o TIT = 1 o 
+Max -Max +Max -Max +Max -Max +Max ... Max 
1 
u I 0.5~881 0.3541 10.5928 10.3423 ! 0.5371 0.3187 0.2340 
' __ ~~ __ _ -t}!o o. 5625,~~_~~~ 4~~·6250_1 0.1~50 I 0.7500 I 0:2500 11.0000 1 0.5000 r? U 0.6566 I 0.6944 0.8489 F6723 1 0.9811 1 0.6281 1 0.33291 0,5398 
0.2714 
1 ,. ~,.ttro_BO.56!~_L~~0~~5_,0.37YO_l~:_12~~L~~5~e~~~~~000 1 0.5000 I 1 u 1.0637 1 1.0773 ! 1.05~ 1 1.0446 ! 1.1521 i 0.9792 1 0.1952 ! 0.8483 
, "3 J . ·11 I t I ~ . tIT -t 0.5625 I, 0 .. 0625 I 0 .. 6250 I 0.1250 I 0.7500' ! 0.2500 I 1.0000 , <.) I i I I I - -~-- I ----. . ' I' d. ~ --I I - I 
i I W 1.8912 ) ~.9811 I' 1.U072 I 2.6209 ! 1.6851 I 2.8223 I 1.4409 




TIT == 2 
,0 
+Max I -Max 
I 0 .. 2198 
0.7500 
: 0.4126 
I I 0 .. 7500 
,--
; 0 .. 6193 
-- I 0.15~O 
1.1503 
~.7500 It/; C I 0: 6'3':: L?· 5~=~,u 1_ 0 .1~50 +~~ ~=~~_J_o. ~~o~ _+~~~500 0 '_~~~J_J.:_OO?O ; 
! c'; ,I 1. ):~~J< i~.l+:~~_ ! 1. 64~O I 3.5335 ! 1. 4337 2.8625 1. 2967 1 1.4993 ' ,-" ~-~517 
~-7500 
',I ',,' I 1. 71!'r : 2. 214-~? II 1.6608 2.3795 1.5471 2.82ll 1.3195. 1.2031 I I .• ', 




l '" 1.835D I 2.0481 11. 7788 12.0479 1 1.6652 t 2.1993 1.4379 0.5483 I 1.0863 ' J, .~~ t/To __ 0.C6?~_~~.~6~~~_~~50 0.6250 10.25000.750010;5000 11.0000 16.7500, b ~ 
r--'<~ ,- ~~. ~-.-•. 
Panel 
6 Points 
TABLE 3.13 SUMMARY OF MAXIMUM DISPLACEMENTS 
- 4 0 u AND w FOR e == 5, m == 1 
~ p a 
o 5 Displacement factor x ~ 
"TIT = 0.125 
.-0- T/~ = 0 .. 25 
+Max -Max +Max -Max 
T/To == 0.5 
+Max: -Max 
'r/To = 1 
+Max -Max 
t--~~·>-·+--~··~·~-.. ··-----tl-----I------+-----+-----+------t-----I-----+-----t-----+----





j 2 I 1____d~~~rL ~d~1~5 o. 0625 O. 6250 0.1250 o. 7500 __ :-°: 2500 11. 0000 1 o. 5000-t-__ ---+ __ 
. U 0.8106511.1705 0.9175 1.1356 1.135,2 i 1.0656 I 0.3812 ! 0.9258 
"i • I II I I 
./ I I it/To 0.562'51.0.0625 0.6250 0 .. 1250 0.7500i 0.2500 1.0000 ~ 0.5000 
. '~"-"! ··,,---v··· 
11, 1" :2. (}:39 3 i ~ .2584 [1. 9328 3. 28 38 r,1. 7194 I 3. 5(,n 11.1621 11. 0688 
J. I .. ~~TQ __ :_~~=_71~~.5~:?-f~:~37iO.3!50- 0.ffi7~~.75oo 1 0 •3750 I 0.8750 I -1---
::> W 1. 4967 I 2.1956 1.4472 2.4119 1. 3481 11.9627 11.1500 10.9578 
I. '" - -- -- - - --- 0.6250 vi 
¥ &. 1" J.. UJJJ J.. c:' .... J I J.. )UUU 1.35141:489>2"ti-:66.96i-1. 2905 I 0.5474 











u AND w FOR e = :;0, m = 0 
2 P a 
o o = Displacement factor x ----
TITo = 0 .. 125 
+Max -Max 
TIT = 0 .. 25 
o 
+Max -Max: 
T/T = 0 .. 5 
o T/To = 1 TIT = 2 o 
+Max ..;.Max +Max -Max +Max -Max 
0.3976 I 0.2403 ! 0.4135\ 0.2323 I 0.3751 0.2162 0.1646 0.1848 I 0.1505 
0.5625 I 0.06251 0.~250 + 0.1:50 ~o. 7500 0.2500 1.0000 0.3750 1 0.7500 
u 0.4820 0.5448 0.4620 0.5281 I 0.6661 I 0.4948 0.1555 0.4281 r 0.3166 
2 t/To 0.1875 0.0625 0.6250~~250 !-0.7500 . 0.2500 1.0000 0.5000 I. 0.7500 
0.6361 . 0.6429 I 0.6586 I 0.6229 I 0.78980.5831 0.2042 0.5034 0;3778 






1. 9067 I 3. 4430 r;:-:-72713~-1865- II. 6062 2.9197 I 1. 3937 IlIa 3805 1" 1351 
I I t/T~ 0.43~~ i 0.56251_~:_1250 i<:625~_~_2~ 0:",500 ~~~~-4- 1.~OOO I -- i 0.7500 
w . 2.0989 I 3 .. 838411,,8490 I 3.8q95 I 1 .. 426412.9736 '11 .. 302; ! 1.664"11-- 11,,0541 
1 I . I I 
I I t/To 0.4375 0.56±.~750 0.6250 _~~1875 I 0~~~+~'3750 I~'OOOO I -- I 0.7500 I 
" 2.ll04· 2.3179 '2.0472 2.4086 1.913412.8778 1.64591 0.9223 -- 1 1.2693 
2 I 
t/To 0.0625 0.5625 0.1250 0.6250 0.2500 0.7500 I o. ~OOO__ 1.0000 -- 0.7500 , 




. . . t/']~o I 0.0625 0.5625 0 .. 1250 0.6250 0.2500 0 .. 7500 0.5000 1.0000 . -- o. 7500 ~ 







TABLE 3.15 SUMMARY OF MAXIMUM DISPLACEMENTS 
o 
u AND v FOR 11 = 30, m :::. 1 
5 Displacement factor x 




T/To = 0.125 IT/To == o. 2~ __ L 'if/To == ~ .. 5 -I if/To == 1 T/To = 2 
+Max ... Max +Max -MBlI I +Max -Max +Max -Max +Max -Max 
u 0.7697 I 0.4-621 I 0.6978 I 0.4-47:3 I 0.7618 1 0.4176 ! 0.2590 I 0.3581 I 1 0.2837 
--+- t/To 1~.?!_2!l0.O~2~ _l0"-~=~~l~~l_=~~ 1~:!~()()~~!500 I_~~()()oo~~ooo ~ ! 0.7500 
--:-l 0.7969 1 0.6543 rO.8991 I 0.63391 0.7543 i 0·5932 0.5119 i 0·3692 : I O. ~.:m 
1 
>- t/To I O.3JL25! 0.0625 L~6250 I 0.1250 I 0.7500 i O,~~_')()() 11.00001 o. 5000~ I 0.7500 
u 0.5412 I 0.8547 I 0.63~.8297 1 0.8250 c.7798 0.1977! 0.6798 . I 0.4808 
t /To l~~· __ ~8~?J_~._~~~!~~~?~~ __ J 0 .1~_~~~.7?~ __ L _0 .. 2500 1.0000.1 o. 5000 I o. 1500 
·2 
:5 





.- t/To _~~~1~~_~~~~-~?--rl 0._343~ -l~~~~_lO-"-~75~~.7500 I !-"-37~~_+ l.~_Q()()+~= ___ l 00_7500 
w.-- 1.6289 I 2 .. 1763 1.5359 I 2.8983 I 1 .. 4291 I 2.1772 1.2258 I 1.1894 -- I 0.9998 
2 iii
>- t/To 0.437~ 1_0-,-5625 1~~1250 I 0.6250 I ~~2:~_~!5~_ ~~3~41.0000 I -- L 0. 7500_ 




0.5468 I 0.1406 I Q.1250 1 0.375°\ 0.2500 10.7500 I 0.5000 I 1.0000 t/~ 
105 
TABLE 3.16 SUMMARY OF MAXIMUM v DISPLACEMENT 






2 P a 
° Displacement = factor x E h . 
Panel Point 1 Panel Point 2 Panel Point 3 
e , 
+Max -Max ) +Max -Max +Max -Max 
v T T t 4.5723 ' 1.9029 I 4.6246 I 1.9364 ! 2.7514 1.2312 
I I ' I I 
















0.0625 0.5625 0.0625 I 0.5625 i 0.0625 I 0.3125 
4.3363 ! 0.5409 i 4.4078 ! 1.0197 I 2.6230 10.6755 
I I I j I 
0.2500 I '0. 5625-t 0.2500 i o. 5937 _~_O~~?O,=- : ~. 5937 
0.8927 ! 1.0329 I 0.8383! 1.0632 i 0.4459 1 0•5947 
I ! I , 
0.1250 0.3750 I 0.1250 i 0.6250 0.1250 I 0 .. 6250 
I i I 3.8659 1.6646 I 3.9742 i 1.3648 2.3661 I 0.7945 
I : 
! i I 0.,5000 i 1 .. 0000 i 0.5000 : 1.0000 
~O-. 8-4-27---+-! -1-. -18--5-3 io. 794 3--ro~~i:3 
I
I I I 
0.2500 0.7500 ! 0.2500 1 1.0000 
2.9278 
-- I 3.1385 1 --






I 0 .. 7500 I 
-- , 










0 .. 7500 
4 I 6 I 6 o. 177 i 0.70 I! 0.35 7 
. j i 1.0000 j 0.5000 I 1.0000 
-- I 0. 8828 1 --
-- i 1.0000 I --














I .~ rABLE 3.17 SUMMARY gF MAX~ v DISPLACEMENT . FOR e = 45 & 30, m = 1 2 P a 
Displacement = factor x ° E h 
PEmel Point 1 Panel Point 2 Panel Point 3 
TIT e 
° 
+Max -Max ; +Max -Max +Max -Max 
v 0.6392 0.8501 I 0~~6241 0.6505 I 0.2780 0.3329 
45° . , ! I 
I 
tIT 0.0625 0.56251 0.0625 0.5625 I 0.0625 0.5625 
\J.12~ ° ! 
v 0.4252 0.5467 o. }304 0.4091 j 0.19£8 0.2369 
:lJ0 
I tIT 0.0625 I 0.5625 0.0625 0.5625 0.0625 0.3125 
° 
.v 0.6194 I 0.9482 0.5452' 0'.7904 0.2694 0.4225 
45° 
I 
tIT 0.1250 0.6250 0.1250 0.6250 0.1250 0.6250 
0.25 ° 
0.36931 0.4572 t;'1911 
I 










v 0.5797 0·9200 I 0.5109 I 0.7415 0.2540 0.3767 
45° 
0.7500 I 0.2500 0.7500, 0.1875 0.7500 tIT 0.2500 
0.50 ° I I 1 I -_·_·-t-_·-· .... -.- --:r:-
v o. }362 I 0.6056 I 0.3468 r·4983 0.1796 0.2709 30° I 
tIT 0 .. 2500 I 0.7500 : 0.2500 I 0.7500 I 0.2500 0.7500 
° 
v 0.5004 0.3673 I 0.4676 1 0.3153 0.2}30 0.1689 
45° I r I i 




v 0.2181 0.3021 ; 0.1762 1.15}3 1.1341 
30° I I I i 
tiT 
I I 0.8750 0.5000 I 1.0000 0.5000 1 1.0000 0.3750 
° 
v 0.4460 ...... 0.402.2 f -- 0.2060 --
45° I j 
tiT 0.7500 -- 0.7500 ...... 0.7500 --
2.0 ° 
v 0.2503 -- 0.2151 -- 0.1107 --
:JJ0 
I tiT 0.7500 _ ... 0.7500 -- 1.0000 --
L 0 
.. -.....r-----.. __ ...,~_.~_ 
\.rABLE ,.18 SUMMARY OF MAXIMUM a~ AND aq 
STRESSES F~)R e = 90°, m = 
.p a 
(J = Stress = factor x ~ 
_.-
"T/To = 0 .. 12'5 'E/To. = 0.25 if/To = 0·5 
I Panel 
Points· +Max . , -Max +Max -Max +Max· . -Max 
(J 1.1159 0.8167 1 .. 2495 ·0.7576 1 .. 1161 0.7663 
0 CD .. 
tiT 0 0 .. 3125 0.04·68 0 .. 6250 0.1250 0.7500 0.1875 
!(J 2 .. 9844 2. 3~132 3 .. 3154 2 .. 2487 3.2221 2 .. 1.0'30 cp. 
1 
t/To 0.5625 0.0625 0 .. 6~50 0,,1250 0.7500 0 .. 1875 
~C1 3.2507 2.6508. 3 .. 3165 2.5649 3 .. 4360 2~ 3933 
2 ,CD 
t/To 0,,5625 0.0625 Ot...6250 0 .. 1250 0 .. 7500 0,,1875 
~ -.-
.... 
(J 2.5458 1·9134 2 .. 5102 1.8554 2 .. 5470 107392 
3 q>-.: 
t/To 0 .. 5625 0.0625 0.6250 0.1250 0.7500 -0 .. 1875 
. ,. 
C1e . ·2.1045 2.0~~59 2·3932 ·1.9846 2.6314 1·90'21 0 
t/To 0.5625 0.04·68 0.6250 0.0937 0 .. 7500 0.1875 
(Je '2.8474 2.24·11 3 .. 0617 2.1618 3.1)41 2.0034 
1 
t/To 0.5625 0.0625 0 .. 6250 0.1250 0.7500 0.2500 
(j 3.1978 2.3958 3.2072 2.3189 3.5305 2 .. 1653 
2 -. 9 
t/To 0.5625 0.0625 0 .. 6250 0.1250 0.7500 0.2500. 
°9 2 .. 9530 2.0122 2 .. 9295 1·9531 3.2042 1.8348 3 




'E/To = 1 T!T· = 2 0 I 




1.0000 0" ??750 . 
--
·0.7500 
1.2821 1 .. 9159 -- I. ?~17 

















1.2358 1.7358 -- I. ;833 
-1.0000 0.3750 -- 0.75,?0 
1 .. 3262 1.8581 
-- 1.3767 






1 .. 0000 0 .. 5000 
--
0.7500 















TABLE 3 .. 19 SUMMARY_OF MABIMl1M C1 ,."\) AND cr e 
STRESSES FOR e = 90 , m = 1 
p a 
o 
C1 = factor x h 




0.9687 I 0.1250 
7. 8571 /20 . 835 




0.9687 I 0.2500 
2.1864 119 .. 644 








0.9687 10.1250 10.5312 10.2500 11.0000 10.5000 
3.6202 111.814 2.4214 111.008 4.4912 I 9.6058 
0.9218 I 0.1406 I 0.5625 I 0.2500 I 1.0000 10.5000 
T/Tc = 1 
+Max -Max 
6,. 7983 














I .... I 0 cp U 2.0239 4. 6~)5 0.7669 4.0631 i 1. 9119 3. ;Xri31 I 2.5723 




C1 9 4.3710 10.499 2.7110 9.9259 I 4.0601 10. (:·)1 6.7116 2.1505 
. 0.9637 0.1250 0.6250 0.2500! 1.0000 I 0.5000 I I 0.8750 I 
(Ie 3.8852 9.1972 1.8808 8. 59~ i 3.~96~1-:i6ilt 5.8559 . 2.7187 
I ! 
t/To 0.9637 0.1250 0.9637 o. 2500 l-=-:ooo~_JO_~i+~~.r: I I 0.8750 I 1.0000 
(Ie 1.5484 4.5938 1.1764 4.3794 1 2.5422 ! )·9594 I 3.1193 
: t/To 0.9218 ~.:_~~~ 0·5312 0.1875 1_1.000~J~::.:7~ ]0.7500 1 '-1 1-.-0000 
Oq 1.1151 2.9849 1. 3146 2. 958,4 t
l
· 1.8876 f . .o· ~93 1 2 .. IJBlO 1.8443 
t/To 0.9062 0.0781 1.0000 0.1250 1.0000 I O .. )00 













TABLE 3.,20 SUMMARY OF a rooAND CJ e 
STRESSES FOR 7J = 60 , m = 0 
Po a, 
CJ = factor x h,:" ... 
Panel 'T/To = 0.125 T/To = 0.25 T/To = 0·5 
Points 
+Max -Max +Max -Max +Max -Max 
(1 1.3331 0.8679 1.3989 0.8388 1.2637 0.7806 
0 cp 
tiT 0.5625 0,,0625 0.6250 0.1250 0.1500 0 .. 2500 
I 0 
(1 3 .. 4378 2.4642 ' 3.6000 2 .. 3821 3.5702 2.2179 
1 cp 
t/To 0 .. 5625 0 .. 0625 0 .. 6250 0.1250 0.7500 0.2500 
(J 2 .. 9904 2 .. 5100 ,3.0977 2.4877 3.4268 ' 2.3229 
2 :cp A ~ 0.5625 0.0625 0.6250 . 0.1250 0.7500 0 .. 2500 I~o 
rJ 2 .. 1403 1.7158 2.1533 1.1205 2.2117 1.6100 
3 ,cp 
t/To 0.5625 0.0625 0.6250 0.1250 0·7500 0.2500 
0 
(J , 
q 5 .. 5815 4 .. 3500 5.3683 4.2093 5.8337 3.9218 
t/To 0.5625 0 .. 0625 0.6250 0.1250 0.7500 0.2500 




0 .. 5625 '0.0625 0.6250 0.1250 0.7500 0.2500 
(Je 3 .. 2449 2 .. 3608 3 .. 3353 2 .. 2832 3 .. 5042 . 2 .. 1281 
2 
t/To 0.5625 0.0625 0,,6250 0.1250 0.7500 0.2500 
,(1 e 3.2853 2.4361 3.3471 2.3598 3.5713 ' 2 .. 2070 
3 
tiT 0,,5625 0.0625 0.6250 0.1250 0 .. 7500 . 0 .. 2500 
.. 










1·9899 3. :;648 
1.0000 0.5000 
1.5490 2 .. 0442 ' 
1.0000 0.5000 
I .. 3743 1 .. 8177 






























































TABLE 3.21 SUMMARY OF ~IMUM C1q:>AND C1~ 
STRESSES FOR 11 = 60 , III :: 1 
p a 
o 
a = factor x -b-
T/T = 0.125 T/T = 0.25 
o 0 




+Max -Max +Max -Max +Max -Max +Max -Max 
4.7180 '.3522 4.1456 I 3.2564 I 4.8128 I 3.0646 I 1.6040 2.6813 
0.5625 0.0625 0.6250 I 0.1250 I 0.1500 I 0.?500 I 1.0000 0.5000 
8.3892 I 6.5111 







6.3238 I ~.7803 I 5.9493 I 3.0918 5.2003 
0.12501 0:7500 I 0.2500 I 1.0000 0.5000 
1.1696 I 0.4274 I 1.1161 I 0.3172 1.0088 
0.1250 I 0.5000 I 0.2500 I 1.0000 0.5000 
1.1501 I 1.4021 1.3299 I 1.3582 1.4183 I 1.2708 I 0.5829 I 1.0958 
J 
0.5625 I 0.0625 0.6250 I 0.1250 0.1500 I 0.2500 I 1.0000 I 0.5000 
4.0856 3.3513 4.3912 I 3.2371 4.3074 I 3.0687 I 1.5210 2.6918 
0.5625 0.0625 0.6250 I 0.1250 0.7500 I 0.2500 I 1.0000 0·5000 
4.1061 2.9195 4.0116 2.8301 4.2811 I 2.6513 1.4268 2.2936 
0.5625 0.0625 0.6250 0.1250 0.7506 I 0.2500 1.0000 0.5000 
~ 



















0.0625 0.5625 0.1250 0.6250 0.2500 0.7500 0.5000 1.0000 
4.9644 3.9998 I 5.1713 3.8616 I 5.5348 3.5855 I 2.1664 I 3.0331 










TABLE 3.22 SUMMARY OF MAXIMUM C1 AND a '\ 
o m '1 STRESSES FOR ~ = 45 , 11. ~ 0 
p a. 
o. 
C1 = factor x h ~ 
....1. 
T/T = 0~125 TIT = 0.25 "TIT = 0 .. 5 "T/T = 1 T/T 'lis' 2. I 
o 0 000
I , ii'
+Max -Max +Max · .. Max +Max -Max +Max -Max +Max -No 
a'll 1.4323 0.9074 1.5~94 10.8770 11.3764 1 0.8~67 10.5998 10.6956 10.5634 
t/T
o 










3.6009 2.5736 3.7989 2.4889 3 .. 8145 2.3196 1.5428 1.9811 1.5115 
0 .. 5625 0 .. 0625 0.6250 0.1250 0.1500 )0.2500 1.0000 0 .. 5000 0.7500 
2.8733 2.6303 2.9887 12.5472 3.4730 2. ,so911.0753 I 2.0485 
0.5625 0.0625 0.6250 10.1250 0.1500 0.2500 11 .. 0000 10.5000 
1 .. 56l, 
0.1500 
° (J) 2.0893' 1.8144 I 2.09~ 1107579 I 2.2390 11 .. 6450 I 0.6015 1 .. 4192 
tiT 0.5625 0.0625 J 0.6250 o. ~250 o. 7500 0.2500 1.0000 I 0.5000 1.0823 ,0.7500 
1.4042 li------_+__ aq
O 3.~21.8 11'~~;;57 1 3. 0765 2.2507 3.2609 2.1008· 1.2355 11.8009 
o ' , I ~. . 
I t1To 0.5625 !O.0625 iO.6250 1 0. 1250 iO.7500 0.2500 1 1.0000 0·5000 -- 0.7500 I---~--l-~~!- 3.62<X3-~ ;.4;;-,,--13•69751' ~~- i 3.5986 2.~&n. 1.4654 1.8599-- 1.4737 ~ 
t ____ ~~~To-_J~·-~~~ __ 0.0':'::5_J~.~~~~_~~~o __ : 0.7~lo.2500 1,;1:·0000 1 0 . 5000 I··· -- I O'~7500 
I . I '::'-J ; 3. y.)8,. ::~. 391J ! 3. )327 12.3129 I~ --- 1 10_1.,562 . 1.8443 . 1 .. 4656 
I ';: I I i I I 
,t/'.:'o : C.~6:':!L/ i 0.0625 10.6250 i 0.1250 I -- -- lleqooo 10 .. 5000 I' 10 •7500 ~~--1 j, r;·-2~~L;,-i-2. 3~~+-1! 3. 31;' t;321.2 13.4706 12.~672 ~~26;8 1.8594 . 1.4978 





I TABIB ,.23 SlHQRY OF ~ C1('f)AND oR 
I SiRESBEB roR 1J lIB 45 , fA a 1 
p a 
0 
C1 = factor x -h-
Panel. T/Tn lIB 0.125 T/Tn II: 0.25 T/To 3 0.5 
Pointe 
+Max -Max +Max -Max -+Max -Max 
a 4.8278 3.2096 4·9233 '.1077 4.91:5'2 2·9039 
0 en 
I /T O'!5625 0.0625 0 .. &250 0 .. 1250 0 .. 1500 0.2560 i 0 
a 9 .. 0997 6 .. 4932 9 .. 7050 6 .. 26n 9.6161 5 .. 8741 
1. q> 
t/To 0.5625 0.0625 0 .. 6250 0 .. 1250 0.7500 0.2500 
CJ 2 .. 1541 ,.8713 4 .. 4931 , .. 5539 4.269' '.3261 
2 fJ) 
tIt· 0 0,,5625 0 .. 0625 0 .. 6250 0.1250 0 .. 7500 O.2JOO 
a 1.4414 1.6969 1.6138 1 .. 6451 1.8469 1 .. 5416 , Cl> 
i/To 0 .. 5625 0 .. 0625 0 .. 6250 0.1250 0 .. 7500 0.2500 
·(19 4.2113 ' .. 2198 ' 4.6787 , .. 1188 4.6i?9 2.9166 0 
. ttro 0 .. 5625 0.0625 0.6250 0.1250 0.7500 0.2500 
--
!o (J 4 .. 4381 2 .. 9251 4 .. 3294 2.8299 4.5163 2.6394 
. '1, 
. t,tfo 0 .. 5625 0 .. 0625 Q.625O 0.1250 0.7500 0~2500 
III 2.20'1 1 .. 8344 2.3751 1.7746 2 .. 4515 1 .. 6552 CJe a 
t/To 0.5625 0.0625 0.6250 0.1250 0.7500 0.2500 
. " 
"9 1.2962 1 .. 2513 1 .. 2912 1.2112 I .. 5360 1.1308 , 
t/Tc 0.5625 0.0625 0 .. 6250 0 .. 1250 0.1500 0 .. 2500 
~"""""""'''''''-'-~'' 
TITo = 1 . 
+Max .. ·Max 
1.8698 2.,6118 
1.0000 0.,3750 





1.0000 • O.i 5000 
1.8126 2 .. 5920 
1.0000 0.,3750 
,--
1.6312 2 .. 2996 . 
1.0000 0.,3750 
0·9142 1 .. 4164 
1.0000 0,,5000 
0.4838 0 .. 9701 
1.0000 0.5000 
~ 




_ ... 0 .. 1500 
--











_ .... 2.1902 
-- 0.7500 





-- , 0.7500 






... - .#....--.. .-----
I 
TABLE 3 .. 24 SUMMARY_ OF ~IMUM cr CD AND a CJ ~ I I STRESSES FOR e :: 30 J m = 0 I I Po a (J = factor x -h-
.. I 
Panel "FE/Tn = 0.125 T/Tn = 0.25 "FE/Tn = 0.5 T/To = 1 . . T/To= 2 ! 
Points 
+Max -Max +Max -Max +Max -Max +Max .. Max +Max -Max I 
I 
a 1 .. 5231 9,,9206 1 .. 5839 0.8898 1 .. 4369 0 .. 8283 0.6305 0.7081 -- 0.5764 ! 
0 cp 




a 3 .. 7809 2 .. 6989 3 .. 9201 3 .. 9393 2.4349 1.5251 2.0829 -- 1 .. 6533 I 
1 cp I 
t/To 0 .. 5625 0.0625 0 .. 6250 0.1250 0.7500 . 0.2500 1.0000 0.5000 0.1500 
! 
2 .. 6823 ,2 .. 5984 '3 .. 4564 2.4305 0.9934 2.0941 a 2.7511 2 .. 8598 -- 1.5894 
2 cp 
tiT 0.5625 0 .. 0625 0.6250 0.1250 0.1500 0 .. 2500 1.0000 0·5000 -- 0.1500 0 
(J 1.8211 1 .. 5748 1.8102 1.5251 2.0944 1 .. 4256 0 .. 6587 1.2261 -- 0 .. 9468 
3 q> 
-tIT 0 0.5625 0.0625 0 .. 6250 0 .. 1250 .0 .. 1500 0 .. 2500 1.0000 0 .. 5000 -- 0.1500 
(18 3.4170 2 .. 3801 3.4430 2.3033 3.4160 2.1484 1.~59 1 .. 8}96 -- 1 .. 4573 
0 
t/To 0 .. 5625 0.0625 0 .. 6250 0 .. 1250 0 .. 1500 0.2500 1 .. 0000 0·5000 -- 0 .. 7500 
°e 2 .. 5739 2 .. 9182 2.6897 2.8280 3 .. 6620 2.6475 0.9433 2.2861 -- 1.1081 1 , 
t/To 0.5625 0 .. 0625 0 .. 6250 0.1250 0.7500 0.2500 1.0000 0 .. 5000 -- 0.1500 
°8 3.3823 2 .. 4115 3.4486 2.3912 3.:5311 2.2306 1 .. 3147 1·9095 -- 1.5126 2 
t/To 0.5625 0.0625 0.6250 0.1250 0.1500 0.2500 1.0000 .0 .. 5000 -- 0.1500 
.. 
ae 3,,0531 2.2881 3,1155 2 .. 2151 3 .. 2907 2.0677 1 .. 2027 1.7731 -- 1.4093 3 
t/To 0.5625 0.0625 0.6250 0.1250 0.7500 0.2500 1.0000 0 .. 5000 -- 0 .. 1500 
t:! 
\.)t 
--- .. - -~--
--
TABLE 3.25 SUMMARY OF MAXIMUM dgJ AND (J o (1 STRESSES FOR ~ = 30 , m = I 
Po a 
C1 = factor x -h-
Panel 'if/Tn = 0.125 'T/To = 0.25 'T/To = 0.5 
Points 
+Max -Max +Max -Max +Max -Max 
C1cp 4.7049 3.1713 4.5207 3.0717 4.8872 2.8726 
0 
tiT 0 0.5625 0.0625 0.6250 0.1250 0.7500 0 .. 2500 
ICfcp 8.6421 6 .. 2477 8.7511 6.0520 9·1919 5 .. 6606 
1 
tiT 0 0.5625 0.0625 0.6250 0.1250 0.7500 0.2500 
O'cp 3·3902 3 .. 7196 -- -- 4.4084 3.3803 
2 
tiT 0.5625 0.0625 -- -- 0.7500 0.2500 0 
0cp +102716 1.8165 -- -- 1.9634 1.6526 
3 
tiT 0.5625 0.Ot?25 -- -- 0·7500 0.2500 0 
°9 402537 3.2514 4.3886 3.1506 4.6702 2.9490 0 
tiT 0 0.5625 0.0625 0.6250 0.1250 0.7500 0.2500 
C1 9 
404282 2.9607 4 .. 2955 1.1689 4.5172. 2.6755 
1 
tiT 0 0.5625 0,,0625 0.1562 0.6562 0·7500 0.2500 
°9 2.3042 1.8416 -- -- 2.5267 1.6627 2 
t/To 0.5625 0.0625 -- -- 0.7500 0.2500 
or) 1.2873 1.1871 -- -- 1.4901 1.0688 
3 tiT 0.5625 0.0625 -- -- 0.7500 0.2500 0 
-~'--------- -- ----~ 












1.5792 2 .. 2954 
1.0000 0.5000 







































TABLE ,.26 SUMMARY OF MAXIMUM ~ Tecp STRESS FOR e = 900 , 600 , 45°, ;00 m:: 1 l' a Stress = factor x a ~ 
Panel Point 1 ' 
I 
Panel Point 2 Panel Point 3 
'T/To e, Max t/To Max t/To Max t/To 
90° 1.4759 0.1250 1.8778 0 .. 1250 2.1424 0 .. 1250 
~ 660 0.5625 ...... 8712 0.5625 .... 66;1 
-·9590 0 .. 3125 
0. 1251 I' ! ; 
450 -1.0069 ' ' 0 .. 5625. ....7607 0.3125 ..... 7221 o. ;125 
I 
30°,[ 
-.9966 0.5625 .... 6747 0.5625 - .. 6075 o. ;125 
'" 
0' 90: 1.3837 0",2500 1.7866 ' 0 .. 2500 2.0478 0.2500 
.' 60° .... 8855 0.6250 -.9675 0.6250 ." 74;8 0.6250 
0 .. 25 
45° -.9424 0.6250 .... 8535 0.6250 , .... 8134 .,0 .. 6250 
?lJo 
--
-... .... 7450 0.6250 -.6893 0 .. 6250 
90° 1 .. 1993 0 .. 5000 1.604:; 0.5000 1.8286 0.5000 
600 .... 9386 0.7500 -.9265 0 .. 7500 .... 6761 0.7500 
0 .. 5 
45° ...... 9813 0.7500 ..... 8028 0.7500 - .. 7525 0 .. 7500 
?lJo 
..... 9522 0 .. 7500 -.7928 0.7500 -.7162 0.7500 
90° 0.8530 0.8750 1 .. 2537 0~8750 1.4534 0 .. 8750 I 
60° 0 .. 4274 0.5000 0 .. 6043 0.5000 0 .. 4814 0 .. 5000 
1 
45° 0.4568 0.3750 0.46;3 0.5000 0 .. 4541 0 .. 5000 
?JJo 0.4245' 0 .. 5000 0 .. 4671 0 .. ,5000 0.4253 0 .. 5000 
90° 0.5828 1.0000 0.4004 1.0000 0 .. 4349 1 .. 0000 
flJo 0 .. 3430 0 .. 7500 0.4580 0.7500 0 .. 3581 1 .. 0000 
2' 
450 0 .. 3838 0 .. 7500 0 .. 4162 0.7500 0 .. 4101 0 .. 7500 





















Ua :: 0.0753 
VI :: 0.2474 
V2 = 0.2907 
V3 = 0.1897 
WO= 0 
WI =-0.6300 
W2 = 0.6754 
W3= 0.0087 
....... ;.."..."....,.,..- 0 
"'1 
m= I W=O.S3IS/ 













W2 lII1-Q. 9584 
W3= 0.4973 












.-----~ .....-/ ..... ' .... _ ----4,
// 





U 1=' 0.0896 
U2 =-0.6037 
U3 --0.2625 
V, IC 0 
V2 lIZ 0 





U I =-0.1196 
U2 = 0.6006 










me I W=O.9188/ 




u, = 0.0062 
U2.=-0.3121 
U3= 0.6210 




























-071')1 rr-uJ-. ~_6{! 
w=O.7695 ;r--
UI = 0.0895 
U2 =-0.4905 
U3 =-0.3298 
VI = 0 
V2 = 0 
V3 = 0 
Wo =-2.6609 
WI =-1.9265 
W2 = 0.4910 
W3 = 0.3682 
UI =-0.1533 
UZ :: 0.4591 









....... """ /_. 
...... ,,-
.",./ 2. 
m=o W c O.S694/ 
m=1 W=O.94331 











WI = 0.0219 
W2= I. 3778 














m=1 W =00731 II 
U, ::: 0.0900 
U2 =-0.3989 
U3 =-0.2768 
VI = 0 
V2 = 0 
V3 = 0 
Wo =-2.4645 
WI =-2.3329 
W2 ::: '0.7004 
W3 = 0.5334 
U. =-0.1351 
U 2 ::: 0.3757 













m= I W=00948V 
FIRST TWO MODE SHAPES FOR 30 DEGREE SHELL FOR m=O AND m=.1 
J:: 
\() 











o 2 :3 4 
t/'" T 
5 6 7 8 


















\ +41 I \ 







,/ I \ 
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.• -41 "', -I-- ::::000.... ........-
~ .. 6'=== 'I , 
o 234
t/ .... T 












+21 I . 
-4~1--------~--------~--------~--------~---------r---------r---------r--------~ 
-6' I I , I I 1 , 
o 2 3 4 5 6 7 8 
tI-T 







~IC w wcf /./~ 
. //V " 









··411t--~----,------- --t--'-----c----~-- --- -----------
-~~~--~----~~--~-- .--J,....... 2 ~_.~~ ________ L_ __ ~ . tIt ~ - N.. --- 4 
FIG. 3.8 TIME HISTORY OF DISPLACEMENT AMPLITUDE AT POINT 2 FOR a:: 60°,. m = I ~ 
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. p a 8 ::: Displacement = k· EO h 
·1 
--------------------+ 
FIG.3.13 TYPICAL DISPLACEMENT PATTERN AT, TIME OF 
MAXIMUM' WI FOR e =,90°" m = 0 ,1 T I =0.125 
129 







0. 85191 }./ 
/ 0.9454 
'J ~ , 
0.0587 
8:: Displacement = k. ~o~ 
----------+ 
FIG.3.14 TYPICAL DISPLACEMENT PATTERN AT TIME OF 
..... 0 












(:\ o· 1 PoO 0= ISP ocement = k·~ 
FIG.3.15 TYPICAL DISPLACEMENT PATTERN AT TIME OF 








L f 0.7736 
1.0596 
~ D' I ' poa 
o = ISP acement = k· rh' 
FIG.3.16 TYPICAL, DISPLACEMENT PATTERN AT' TIME OF 







. po 8:: Displacement:: k ._0_ Eh 
FIG.3.17 TYPICAL DISPLACEMENT PATTERN AT TIME OF 
MAXIMUM WI FOR 6=45°, m=O, T/To=O.125 
133 
1.1689 
8 = D is placement = k. ~o~ 
FIG.3.18 TYPICAL DISPLACEMENT PATTERN AT TIME OF 




8 = D isplocement = k. Poo Eh 
FIG.3.19 TYPICAL DISPLACEMENT PATTERN AT TIME OF 




~-----t'", 4.3037 I ; * --_ ........................ 2.1763 ___ .......j 
\ 
~-----­~_-J., ......... - - - LO.6070 
¥ ~.1.0898 
L t 0.4060 
\ 
8 = Displacement = k' poa Eh 
FIG. 3.20 TYPICAL DISPLACEMENT PATTERN AT TIME OF 
_ 0 -
MAXIMUM WI FOR e =30, m.= I, T/To=O.125 
+2~------+---H---+---~--~------~--~--~------~ 






-10 ........... ---+-----+-----+-----+-----+-----1 
-120!----........... -~----!-2---""""""'*'3---~4~--~5~ ........... -~6 
tIt 
FIG.3.21 TIME HISTORY OF STRESS AMPLITUDE IN POINT 2 
..... 0 
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-12 0 2 3 4 5 6 
tI-T 
·FIG.3.22 TIME HISTORY OF STRESS AMPLITUDE IN POINT 2 
..... 0 








" \ \ /' 
..... / (j¢ 
139 
-2~-------~---~---~--~+----+---------r--~~~-------~ 










FIG.3.24 TIME HISTORY OF STRESS AMPLITUDE IN POINT 2 
__ 0 
FOR e = 60, m = I 
.140 +4 
+2 





















f 1 I ~ I 
-\ 1 
u \,II V 
4 5 6 
FIG. 3.25 TIME HISTORY OF STRESS AMPLITUDE IN POINT 2 
- 0 FOR e:: 45 t m:: 0 
141 
I \ / .... .# 









FIG.3.26 TIME HISTORY OF STRESS AMPLITUDE IN POINT 2 
..... 0 







FIG. 3.27 TIME HISTORY OF 
POrNT 2 FOR 
T 
STRESS 
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FIG. 3.28 TIME HISTORY OF 
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I I I 
I I I 
- 5 I/e 3/e 
s/e 5/8 7)8 
FIG.3.29 TYPICAL STRESS PATTER~·J AT 
TIME OF MAXIMUM (J' AT POINT 2 
e = 900 m = 0 :TITo = 0.125 
. -,' I 
-20 ,-- /--+ \ ----T~------
I / I \v-crq, 
I / I \ 
-15 r- /- ----l \.- ------
II \ 
II \ 
-10 ~ "~A"~ --. t \ 
,\ 
-5 L---J-~ ~ I \\\ 
J I ---------.-
! I ! I I i 
. I 
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+5 ')8 3/8 5)8 7}e 
9/9 
FIG. 3.30 TYPICAL STRESS PATTERN AT 
TIME OF MAXIMUM (F AT POINT I 
- o. -
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DISCUSSION OF RESULTS 
401 NATURAL FREQUENCY 
Considering the 90° shell, two types of boundary conditions were 
investigated for natural frequency; first where the support had no displacement 
and second where the support had radial displacement only. The natural fre-
quencies for both cases are tabulated in Tables 3.1 and 3.20 It is seen that 
the difference in natural frequency for both boundary conditions is very small 
and that the frequency for the case where the normal displacement was allowed at 
the boundary is smaller than the case where the boundary was not allowed any dis-
placement, as was to be expected. Since the difference was not significant, it 
was deemed sufficient to carry the analysis only for the boundary condition where 
the normal displacement was zero, for e = 600 , 450 and 300 caseso The fundamental 
:frequency :for all cases considered were in the range o. 65 -V E 2 I to o. 8 -V E 2 !md 
Pa Pa 
not significant. The the effect of semi -opening angle on this frequency was 
highest :frequency ranged :from 5. 2 11 E 2':for e = 900 
Pa 
to 16.oy E 2 ~or e = 300 and 
) Pa 
the variation was approximately linear from e = 900 to e = 450 and there was a 
- 0 - 0 
steep rise from e = 45 to e = 30. Generally the lowest frequency was lower and 
the highest frequency higher in m = 0 case than in m = 1 case. The frequency 
cOTresponding to the mode which had nearly uniform radial displacement was approx-
imately equal to -V 2(1 + j.L) t • Y E 2' as was to be e;xpected. 
Pa 
4.2 MODAL SOLUTION 
It was observed during computation of the dynamic response that there 
was one dominant mode which made a maximum contribution to the response. This 
particular mode corresponded to the mode with approximately uniform radial 
displacements.. Generally the higher modes contributed much less to the re-
sponse than the lower ones. 
4.3 DISPLACEMENTS 
(1) m = 0 Case 
The maximum u displacement occurred at point 3 near the base. It 
ranged approximately from 2 to 6 times the static displacement u. Maximum w 
displacement for the same case occurred at top point 0 and ranged approximately 
from 205 to 9 times static displacement w. 
(2) m = 1 Case 
Maximum positive and negative u displacement occurred at points 1 
and 3 respectively and maximum w displacement occurred at point 3. Maximum v 
displacement generally occurred at the middle point of the meridian. 
4.3.1 Effect of 8, Semi-Opening Angle on Displacements 
(1) m = 0 Case 
u displacement increased with 8 along a curve, whose rate of increase 
of slope also increased with 8. Maximum upward w displacement decreased approxi-
mately with 8 0 
(2) m = 1 Case 
Maximum u displacement increased with 8 and the increase was signifi-
cantly much more between e = 60° to 900 than from 8 = 30° to e = 600 0 Maximum 
w displacement increased with ~ and the difference was not significant between 
- 00 - 0 - 0 e = 30 and 60 as it was between e = 60 and e = 90. The same variation 
also occurred in v displacement. 
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40302 Effect of 'TIT Ratio on Displacements 
o 
(1) m = 0 Case 
As TIT ratio was increased, there seemed to be a slight increase in 
o 
u displacement from 'TIT = 00125 to 005 after which there was a steady decreaseo 
o . 
DO"WD.ward w displacement decreased approximately linearly as 'TIT ratio was in-
o 
creasedo 
The upward w displacement had the same variation with TIT ratio as 
. 0 
u displacemento 
(2) m = 1 Case 
u and v displacements decreased with an increase in'T/To ratio and in 
some cases variation with respect to 'T/T
o 
ratio did not indicate any fixed trendo 
v displacement decreased approximately linearly as 'TIT ratio was increased. 
o 
40403 Critical'T/To Ratio 
\ 
The general trend of results indicates the following conclusions as 
regards critical T/T ratio 0 
o 
( l) For m = 0 case, TIT = 0025 seemed to be the critical value for 
o 
u displacement of point 1 and TIT = 005 for u displacement of points 2 an.d 30 
o 
Similar critical ratios of TIT for w displacement were 0025 for point 1 and 005 
o 
( 2) For m = 1 case, 'TIT = 00125 seemed to be the critical ratio for 
o 
all di s:placements 0 
40 4 STRESSES 
( 1) m:; 0 Case 
Maximum 0ep stress occurred at point 2 for e = 900 and at point 1 for 
eYs = 60°, 45° and :;00 0 It ranged from 1 to 8 times the static stress ~ :; pca/2ho 
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Maximurp. cre stress occurred at point ,2 for e = 90° and at point 0 for e = 60°, 45° 
° and 30 0 It ranged from 105 to 11 times the corresponding static stresso 
'(2) m = 1 Case 
~imum cr stress occurred at point 1 and was about 2 1/2 to 5 times 
cp 
the cor~espqnding stress for m = 0 caseo Maximum ae' stress occurred at point 0 
and itsval~ ranged from 105 to 2 times the corresponding stress for m = 0 case. 
Maximum posit~ve and negative Tecp stress occurred at points 3 and 1, respectivelYQ 
4. 4\~1 Effect of e on Stresses 
(1) 'm = 0 Case 
a stress decreased approximately linearly as e was increased. Maximum 
cp 
~e stress increased tDom e = :fJ0 to e = 60° when it reached an absolute maximum 
and then it dropped do"WD. somewhat at e = 90° 0 
(2) m = 1 Case 
Maximum positive a stress (tension) decreased approximately linearly 
cp 
as e was increased, and maximum negative a (compression) increased slowly from 
cp 
- 0 - 600 - 600 - ° e = 30 to e = 'and abruptly from e = to e = 90 0 Maximum positive ae 
stress (tension) increased slightly from e = 30° and reached.an absolute maximum 
at e = 60° and decreased little at e = 90°0 Maximum negative ae (compr.ession) 
.:l ..::J,. ."... ,.. "" ..... ':0 t:;-. -e LL' ,...0 rI- h • • .:l b" ~ecreaSe~ S~lgnv.y rrom ~ = 7~ _~ =.J an~ ~egan lncreaslng ~n~ reac_ea an 
- ° absolute maximum at e = 90 0 Maximum 1" ecp stress remained fairly constant from 
e = 30° to 60° and increased slightly at e = 90°0 
40 402 Effect of T/TQ Ratio on stresses 
(1) m = 0 Case 
Maximum O'cp stress at points 0 and 1 increased slightly front T/To=' 00125 
to 0095 and decreased from 0025 to 20 Maximum. a at poi.nts 2 and 3 had a similar cp , , 
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variation but reached their maximum at T'/To = 005. Variation of the maximum ere 
stress followed ver.y much the er~ stress with absolute maximum occurring at 
TIT = 005. 
o 
(2) m = 1 Case 
Maximum er~ occurred for e = 900 at T'/To = 0.125 and gradually de-
creased nonlinearly. The variation of maximum er~ for e = 60°, 45° and 300 fol-
lowed a convex curve with maximum occurring at TIT = 0.5. Variation of maximum 
o 
cre indicated that it reached an absolute maximum at T'/To = 0.25 at point 0 and 
T/To = 0·5 at points 1, 2 and 3. Maximum ~e~ stress decreased nonlinearly as 
TIT ratio decreased and had an absolute maximum at TIT = 0.125. 
o 0 
4.4.3 Critical TIT Ratio 
o 
The following conclusions can be reached as regards critical TIT ratio. 
o 
(1) m = 0 Case 
cr~ stress had a critical T/To ratio of 0.25 at points 0 and 1 and a 
ratio of 0.5 at points 2 and 30 ere stress had a critical T/To ratio of 0.5 for 
all points. 
(2) m = 1 Case 
a~ stress had a critical T/To ratio of 0.125 for all points for e = 900 
and 0.5 for e = 600 , 450 and 300 cases. ere stress had a critical T/To ratio of 
0.25 at point 0 and 005 at points 1, 2 and 3. Te~ stress had a critical T'/To 
ratio of 00125. 
4.5 DISCUSSION OF RESPONSE 
4~5.l m = 0 Case 
As soon as the pressure pulse hit the shell, the shell moved inwards 
wi tb. all points of the shell in phase. The top point caved in more than any 
other point. This continued until the membrane resistance of' shell was built 
up enough to flip the shell outward and the movement was not as prominent as 
the inward movement and especially point 3 scarcely moved outward. This re-
peated 2 or 3 cycles until the absolute maximum was reached at approximately 
half the duration of blast pulse, after which the shell plunged into a series 
of wiggles which were completely out of phase and irregular. The period of 
the cycle decreased with time until the shell got out of phase and then there 
was no significant relationship. TIT ratio and the semi-opening angle e had 
o 
no significant effect on the pattern of behavior. 
For the m = 1 case, the discussion is restricted to the particular 
meridian corresponding to ~ = O. At early stages the shell behavior seemed 
similar to m = 0 case. At this stage, the shell had a displacement amplitude 
2 to 3 times that of m = 0 case. The period of the first and second cycle 
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was much longer than the m = 0 case and the maximum displacements were reached 
in the first cycle. The shell under m = 1 loading did not seem to be as much 
excited as m = 0 case and remained in phase most of the time. TIT and e did 
o 
not seem to have any significant effect on the behavior even though there was 
quite a difference in magnitude. 
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'CHAP~R 5 . 
CONCLUSIONS 
5 .. 1 NATURAL FREQUENCY 
(1) 
( 2) 
o 0 For all the cases analyzed "With e ranging from 90 to;o, the 
lowest natural frequency ra:nged;: \O.65~pi2 ~o O.~ p:2' and 
highest frequency ranged from 5 ~ to 16 . 2 0 
pa pa 
The lowest frequencr was lower and the highest frequency was 
higher for m = 0 case than for m = 1 case .. 
(3) The natural frequency for the particular mode with uniform radial 
displacement was approximately equal tt.!2(1 + "j V E 2 '. 
pa 
502 MODAL SOLUTION 
V?The breathing modetl', that is, the mode corresponding approximately to 
uniform radial displacement contributed a maximum to the responseo The contri-
butions from higher modes were very littleo 
50 3 STRESSES 
(1) 
( 2) 
Maximum cr stress had a magnitude ranging fxom 1 to 8 times the Q) 
static stress ~ = p
o
a/2h for m = 0 caseo O"e has a range from 105 
to II times the corresponding static stresso 
Maximum cr stress had a magnitude ranging from 205 to 5 times the q> 
corresponding stress for m = 0 caseo The corresponding range for 
cr e is 10 5 to 20 
(3) It was observed that most of the stresses had a critical ratio of 
T/T equal to 005 and the rest had a ratio of 001250 
o 
APPENDIX A 
STIFFNESS OF FRAMEWORK 
A.l EQUIVALENT AREAS OF BARS IN FRAMEWORK 
Areas of bars were derived on the basis that the stiffness of the 
framework and that of shell element must be the same under identical loading 
conditions. Then the resulting deformations in both framework and shell will 
be the same. Figure Al shows a shell element and the corresponding framework 
panel. It is seen that the configuration and the loadings are the same for 
bothe 
The force Pn corresponds to shear loading and is given by 
PD = ~2h (hi + h~)1/2 in which T is the shear stress in the shell. 
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Applying the condition of equalstiffnesses, (that is, equal strains 
must exist for statically equivalent loads for both the framework and the con-
tinuous shell for separate loading of Ph' P
v 
and Pn) three independent expressions 
corresponding to the three loadings were obtained, which relate the areas of bars 
in the framework with the thickness n~ the continuous shell. 
t b '2 1 h2 ~3 h2 g' 1lh + Ai; + ~ 1£ - i.J. 1£ = hl·h 
~ I~ _ i.J. h~hll = h2·h (A.l.2) 
in which i!, ~ = areas of top and bottom horizontal members in the panel .. 
Besides the above requirement there are three equilibrium conditions 
to be satisfied by the panel which relate the areas of bars among themselves. 
Aolol MOment Equilibrium Condition 
Moment equilibrium condition requires that 
then 
(A.l.4) 
A.l.2 Vertical Force Equilibrium (Figure A2) 
Resultant vertical forces under Ph loading should be zero as the frame-
work expands in vertical directiono The resulting equation is 
A.lo3 Horizontal Force Equilibrium (Figure A2) 
Resulting horizontal force under Ph loading results in the equation 
(A.l .. 6) 
Thus, there are three independent compatibility equations and three auxiliary 
equilibrium conditions involved with only four pattern characteristics to be 
determined, namely ~, ~, Av and ~o The framework pattern is deficient by 
two characteristics and as such the condition of equivalent stiffness will be 
satisfied for only those particular values of POissonis ratio in the horizontal 
and vertical directions which provide the necessary additional characteristics. 
The equivalent framework replacement for the shell corresponds to a nonisotropic 
shell with different values of ~ in horizontal and vertical directions and dif-
ferent pairs of these values at different levels. 
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Equa.ting the expressions for Av obtained from Eqso (Ao~o2) and (Aolo 3) 
with that obtained from equilibrium. condition (Aolo5) a value of ~ of '1/3 is 
obtained 0 
, , t 
Equating the expression for Ab. obtained from Eqso (Aolol) and, (Aolo 1) 
and equilibri'lm condition (Aol04), witb.', that obtained from Eqo (Aolo~) and equili-
brium conditions (Aolo4) and (Aolo5), the following expression in ~h results: 
It is seen that the value of ~ Yhich satisfies the above equation' depends on the 
pattern dimensionso T.h1e value of ~ varies from 002985 at top to 003333 at the 
bottom of shell, lih.ilc11asnot considered a significant variationo 
The final expressions for ~he effective areas appear as followso 
Area.s calculated for different opening angles are tabulated in Table Aolo For 
ce.rs i1:1 tl'le -Cop panel/ t-b = 00 2985. Bars in the bot.t.om panel have a ;-b = 0 0 3:333 0 
The ~l fOT in.termediate panels is in 1)8t,,!een 0.2985 and 0.333)", 2nd is d.erived 
fro:':!). the al::ove 6 equations. 
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TABLEAQ1 AREAS OF MEMBERS IN FRAMEWORK 
Opening Direction of Bar Panel Angle Vertical Horizontal Diagonal 
0 0012363 94240 
---
I 0014254 90985 .0 0 40835 45878 00190414 79990 
2 90° 003369 3 35468 0025805 97406 00 22109 25892 
3 0050287 89694 0.19857 84330 0 .. 25259 50737 
4 '0008505 09684 
0 0.08346 74782 
1 0010T33 70176 0027344 32371 0 .. 12602 16906 . 
60° 
2 0029135 62720 0015990 78949 0015484 60246 
3 0041209 27810 0.08594 23005 0019998 49758 
0 0 .. 06296 56876 
1 000855200054 00 20460 90939 0009468 07607 
450 
2 0023507 02572 0011390 52480 . 0 .. 11955 55973 
3 0 .. 34588 19826 0.05135 27178 0016272 10463 
0 o .04324 96290 
1 0005944 83858 ···0013561 45519 0.06320 85942 
30° 
2 0016511 43445 ··.0007150 62676 0008145 22198 
3 0025040 34373 ··0.01836 02742 0.11531 49445 
Note~ Area = factor x radius x thicknesso 




FIG. A2 EQUILIBRIUM OF FRAMEWORK AND SHELL ELEMENT 
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APPENDIX B 
BAR FORCES AND SHELL STRESSES 
Bar forces are given by 
Q = A·e·E 
The bar strain e was obtained from strain-displacement relationships 
making use of the displacements obtained from modal analysis. Shell stresses 
will be .derived ~rom consideration of the same average strain across the framework 
panel and shell element. 
Referring to Figs. AI and A2 
Ph/2 
~+ ~ ~ 
= +~.~ 2 
Pj2 ~. Yv YD = -+ ~.~ L 
v 
'beep = 1tn2 21( 
h V-I + h2 
APPENDIX C 
COMPUTER PROGRAM FOR DYNAMIC RESPONSE OF DOME 
FRAMEWORKS SUBJECTED TO TRANSIENT LOADS 
Col GENERAL COMMENTS 
This program solves the dynamic equations of equilibrium for a simu-
lated dome subjected to dynamic loadin~so The continuous shell structure itself 
is replaced by a framework of b8$s with "equivalent" areas and stiffnesses q 
The bars are pin-connected, and the "equivalent" masses are lumped 
together at the jointso 
The shell geometry is described by the direction cosines of the barso 
Any- shaped dome may be analyzed as long as the general bar network is retained, 
and as long as the dome has at least one vertical plane of symmetry 0 Thus, such 
shells of revolution as a hemisphere, regular paraboloid, ellipsoid, or cone may 
be analyzed if the investigator supplies the direction cosines of the networko 
The loading is assumed symmetric about the YZ plane, but not necessarily 
symmetric about the XZ plane' (see Figo Cl) 0 . As such, the user must supply the 
components of external load at each joint in the positive x, y and z directionso 
Co2 MATHEMATICAL ANALYSIS 
The basic problem to be solved in this analysis is to satisfy dynamic 
equilibrium at every jointo Dynamic equilibrium must be satisfied in three 
orthogonal directions, namely parallel to the X, Y andZ axeso 
The analysis is based upon a successive approximations. procedure involv-
ing the accelerations of themasseso Basically the three orthogonal accelerations 
of each mass are assumed and then compared to calculated accelerationso If there 
is not close enough agreement, the :procedure is repeated using a corrected value 
of the acceleration for th~ next assumption 0 In more detail, the procedure fol-
lays this pattern~ 
10 At time t = 0, the framework is not distortedo There are no 
displacements or velocities of any of the masses 0 But the masses 
are accelerated in three orthogonal directions, the acceleration' 
in each direction being simply the component of external load in 
that direeti.on divi~ed by the equivalent mass at that jointo 
20 After a short time ~nterval, D.t, the masses have displacements, 
velocities and accelerationso These new accelerations must be 
assumed since they are, for the 'time being, unkno'WIlo 
3aAssuming three orthogonal accelerations for each mass, these 
accelerations can then be integrated to give the assumed veloci-
ties and displac,em.ents 0 This numerical method of integration .is 
New.markis Beta Method and is presented later in the discussiono 
40 From. these assumed displacements compute all the bar forces as 
simply the bar extensional stiffness AE/L times 'the ch~~ in 
length of the bar along its axis. 
50 From the three orthogonal components of all bar forces at each 
joint, together with the three components of external load and 
three components of inertia force compute the actual acceler~tions 
of the mass in the three orthogonal directionso 
60 Compare the computed accelerations tb the assumed accelerationso 
If they disagr.ee by more than some preset tolerance, repeat the 
above steps using the com:puted values of the accelerations as the 
new assumed values at the end of the time interval .6t 0 
By repeating Steps 3 to 6,. the procedure automatically converges to any desired 
degree of accuracy. The convergence of the procedure" is hP~ever, affected by the 
time interval of integration, ~t, and the ratio of ~t to the fundamental period 
of vibration of the structure 0 It has been found that for most structures, a time 
interval of 000005 seconds will give sufficient cbnvergenceo 
The Beta Method mentioned above which is used for the numerical integra-
tion of the dynamic equations of equilibrium was developed by NoMe> Ne'WInark·o ~ is 
a parruneter which governs the assumed character of the acceleration distribution 
over a short interval of time ~t 0 The use of t3 :y 1/6 in these relations assumes 
that the acceleration variation over a short time interval ~t can be adequately 
represented by a straight lineo This was the procedure used in this program. By 
assuming a linear variation in the acceleration function, this function can be 
integrated. The relations become 
Wt+~t = wt + 1/2 ~t (Wt+~t + wt ) 
Wt+~t = wt + ~t wt + 1/3 ~t (wt + 1/2 Wt+~t) 
These equations are evaluated for each mass in the x, y and z directionso From 
the displacements, the changes in length of the bars can be computed, ~a. thus 
the bar forces 0 Then from statics the accelerations of each mass are computed 
and checked against the assumed accelerationso These steps continue until the 
desired convergence is reachedo 
Co :3 DESCRIPTION OF FRAMEWORK MODEL 
As has been indicated above, the shell to be analyzed can have any 
shape as long as it has at least one vertical plane of symmetry 0 The general bar 
network must also be retained 0 For purposes of illustration, a hemispherical 
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dome, as shown in Figo Cl, is chosen to- demonstrate the si.m.llllated framework . that 
replaces an actual domeo This particular dome is represented by 6 great circle 
vertical frames, joine:d together by three horizontal ring frames and "diagonal bars 0 
As the dome 'Would have at least one vertical plane of symmetry, 'Which must be 
chosen as the YZ plane, only half of the dome needs to be presented and anal:-
yzed'c " "~ loading patterns are also presumed to be symmetrical about the YZ plane 
in the programo 
The lumped masses are concentrated at the joints and the ba.rs joining _ 
the various masses are straight 0 From the gigure shoYn, it is noted that there 
are 82 members and 22 masses, with s.evenexterior joints to serve as footings, 
which are assi.mled to be rigid in the analysis. As each mass has 3 degrees of 
freedom, along the X, Y and Z axes, there are 6P degrees of freedom 0 However, 
from symmetry the seven masses lying in the YZ plane can only have motions in 
that plane thus reducing the actual number of degrees of freedom to 590 
The seven masses along each horizontal ring frame are taken in the anal-
ysis to have the same weight, but the masses at different horizontal levels may 
have different veightso This arrangement calls for only four values of masses to 
cover the entire dome, while at the same time it affords the flexi bili ty of per-
mitting the dame to have varying thickness along the·great circles as well as 
arbitrary vertical sweeping angleo 
In the present analysis, the action of the msnbers is assumed to be 
elastic in axial tension or compression onlyo Bending in the bars and at the 
joints is neglectedo Hence J the :framework may be said to be a three-dimensional 
truss systemo All bars symmetrical and/or antisymmetrical to the Z axis are de-
fined to have equal extensional stiff'riess,"AE/Lo For example, at a given level 
all cross bars between 2 ring frames have equal areas and lengths, and thus equal 
stiff'nesseso 
It is now clear that for domes having two planes Of symmetry, XZ and 
YZ, the horizontal sweeping angle would always be :JJ0 (vertical sweeping. angle 
may vary , p~r.ticU1arly for elliptical domes 7 etc 0); whereas, for one-plane 
symmetry domes, one has to adjust the proper horizontal and vertical sweeping 
angles in order to satisfy equal mass ·and·stiffness requirements as stated aboveo 
However, it should be pointed out that the joints on the 'same ring frame need not 
be on the same ievelo 
C'o1j; SHELL GEOMETRY 
The geometry of the dome is defined by the direction cosines of all the 
82 barso For arch and diagonal bars, the direction cosines of any member are com-
.puted from bottom point toward the top point; for ring bars, in the counterclock-
rise manner 0 Therefore, a total of 246 direction cosines are requiredo The 
program stipulates that the direction cosines must be arranged in the following 
m.anner~ 
10 For each bar, the three direction cosines should be referred to the 
positive X, Y and Z directions and are 1.:., m, and n, respectivelyo 
20 The order of various bars is arrariged as follows ~ 
(a) vertical great circl~ bars -- top layerJ second.layerJ third 
layer} fourth layero 
(b) horizontal ring bars first ringJ second ring,third ringo 
(c) diagonal crossbars --
inclined to the right~ second layer, third layerJ fourth 
layer 0 
inclined to the left~ second layer, third layerJ fourth 
layer 0 
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;0 Refer~mng~. Fig. Gl, the symbolic order is: 
2-1, 3-1, 4 .... 1, It .. 0 Q .. .. .. .. .. 8 -1,; 
9-2, 10 ... 3, 11-4, ~ .. .. 15 ... 8 j 
16"'9, 17-10, 18-11, .. 0 0 .. 22-15; 
23-16, 24-17, 25-18, ........ 0 29-22; 
2-;, 3 ... 4, 4 ... 5 , .. .. .. 0 .. .. .. .. .. 7 -8,; 
9-10, 10-11, 11-12)0 .. 
16-17, 17-~8, 18-19, 
9-;, 10-4, 11-5, 0 .. 
16-10, 17-11, 18-12, 
23-17, 24-18, 25-19, 
10-2, 11-3, 12-4,0 0 • 
17-9, 18-10, 19~11, .. 







.. 15 ... 7,; 
.. 22-14; 
.. 29-21 .. 
4", It is seen that the bar designations sho"WIl above. also indicate the 
proper direction to which the direction cosines should be computed .. 
All values should have at least 10-digit accuracy, and 12 digits 
if possible 0 
5" It is noted that only ten values of bar stiffness are necessary to 
cover the entire set of bars; three each :for the horizontal rings 
and diagonal bars, and four for the vertical ring barso 
C05 SHELL LOADING 
Varying distributed transient load arises from; shock front or wind 
normal to the surface of the dome and is assumed to be concentrated at the mass 
points 0 The load at anyone joint is the component of pressure in that direction 
times the surface area ~ssociated "With that joint 0 There are thus three components 
of load at each jo.into Since the program will only handle a linearly decaying 
type of pressure pulse, it is necessary only to specify the linear decrement of 
pressure for each component of load~ This is a function of the duration of the 
pulse and the time increment used for integration in the programo At present, 
the integration time interval is set at 000005 seconds 0 Note that by JVlinearly 
decaying ty:pe of pulse lY is meant a pulse of initial magni tude with either a 
linearly decreasing or increaSing pulse, or a pulse of constant magnitude (zero 
d.ecrement)0 
This program will handle completely unsymmetrical timewise applications 
of loado That is, each concentrated transient load may be different from any 
other in terms of intensity, lagging time J and also decaying rate 0 Hence, there 
will be required for the entire loading pattern 22 different lagging times (as 
one lagging time is applicable to each set of three components) J 66 load compo.;. 
nents and 66 load decrements or increments 0 It has been pointed out earlier that 
the entire loading.pattern is presumed to be symmetrical about the YZ plane of 
the dome, therefore,the X component of the loads on the mass points 16, 9, 2, 1, 
8, 15 and 22 should be zero, as is its,respective decremento Note that at joint 
1, the concentrated load only has a component in the Z direction and must be the 
entire load that wo\lld be concentrated on the top circular plate 0 Similarly the 
mass at the top joint must be the mass of the entire circular area around joint 10 
Note that the lagging time, wbich indicates to the program when to begin 
applying load to the mass conSidered, must be an integral multiple of the tim.e 
interval 0 The time interv.al may be reset at the option of the user so long as it 
is within the limits of convergence and stability of numerical method used in the 
programo 
C06 USE OF THE CODED PROGRAM 
The user of the code must supply the following data for the framework 
replacing the continuous shell : 
10 Direction cosines of all 82 bars in the order indicated previously. 
At present the program. has the direction cosines for a 900 hemi-
spherical domeo Changing the radius or thickne.ss of the shell does 
not alter these direction cosines Q However, changing the sem-
o 
opening angle from 90 , or choosing a different shaped shell will 
require the computation of a new s,et of direction cosines Q At 
present, the direction cosines for a 45° spherical shell are now 
available" 
20 Four values of equivalent ma.sso 
30 Ten values of' equivalent stiffness of the bars. 
40 Three components of load (and respective decrement) for each masso 
The units to be used in evaluating all the necessary data, such as masses, stiff-
nesses and components of load, will be kips, inches and seconds except for lagging 
time, cut-off' time, and printed results of time of maximum for maximum bar forces 
which will be a .dimensionless number, as an integral m:ul tipl,e of the time interval 
used 0 The output from ILLIAC will be in the form. of time of maximum, and. maximum 
bar forces for all 82 bars arranged in the same order as that of listing of the 
direction cosines of the bars (see the section on masses and bars) 0 The term 
Y?cut-off time vrr is to mean the number of steps of numerical integration to be 
covered in a particular problem 0 At present, approximately every 100 steps will 
take 3/4 of one hour of computer time; hence, it would be somewhat impractical 
to have a cut-off time as long as 1000 steps 0 As in most cases only the absolute 
maximum bar forces would be of interest in actual design~ it is often not necessary 
to carryon the computation beyond the point where the necessary maximum values 
have been reached;, The printed bar forces will be in kips" with the decimal 
points co~rect1y placedo 
The following is the form of the problem tapeo Note that the samples 
given to the right have been written in a fashion compatible with the standard 
input routine of ILLIAC 0 All fractim s, plus or minus need to be of 12 digit 
length and followed by a J. Integers are stored as order pairs~ 
Description Unsealed Sample 
Masses, scaled down +53007079920 
2 by 10 0 Arrange in 
order from top to bottom, 
that is, 1, 2, 9, 160 
Stiffnesses, scaled 
6 down by 10. Symbo1-
1ically arranged in the 
order~ 2-19 9-2, 16-9, 
23-16, 2-3, 9-10, 
16-17, 9-3, 16-10, 23-170 
cut-off time in integral 
multiple of time interval 
+35012539271 













Scaled ILLIAC Form. 
0010K 
40F 00 o 3070 7992000J 
OOF 00 3512539~7100J 
40F 00 189009364800J 
40F 00 499999999999J 
OOF 00 080941727261J 
OOF 00 109935064932J 
OOF 00 3021803361363 
OOF 00 444627640:;30J 
40F 00 010 579673296J 
OOF 00 14490 3337320J 
OOF 00 0449985768123 
OOF 00 098702845584J 
OOF 00 0975443374923 
OOF 00 108175093152J 
OOF 00200F 
170 Unsealed Sample 
Loading terms for mass No 0 1. 
Lagging time (in integer) 
-8 X Component x 10 
... 8 X Decrement x 10 
-8 Y Component x 10 
Y Decrement x 10 -8 
... 8 
z Comp~ent x 10 
... 8 Z Decrement x 10 
Loading terms for mass Noo 20 
Lagging t~e (integer) 
-8 X Component x 10 
-8 X Decrement x 10 
... 8 Y Component x 10 
-8 Y Decrement x 10 
-8 Z Component x 10 












- . 10105540 
-19639904689 
+ 51005465 
Repeat for masses 3 through 220 
Terminating Order 
Scaled ILLIAC Form 
002% 
OOF 0010F 
OOF 00 OOOOOOOOOOOOJ 
OOF 00 OOOOOOOOOOOOJ 
OOF 00 OOOOOOOOOOOOJ 
OOF 00 OOOOOOOOOOOOJ 
N6F 00 496974474600J 
OOF 00 000007684946J 
OOF 00 8F 
OOF 00 OOOOOOOOOOOOJ 
OOF 00 OOOOOOOOOOOOJ 
OOF 00 0003906628 333 
NOF 00 499998984460J 
NOF 00 49803600 5311J 
OOF 00 0OOOO5105465J 
24 427N. 
The above sample data ~ taken from an investigation of a 45° spherical shell 
wi th a ratio of radius to thickness of 1000 The loading was a uniform radial 
pressure of lOO psi p with triangular decay. 
C Q 7 FWW DIAGRAM 
The basic flow diagram is presented in Figo C20 
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TOP VIEW· OF FRAMEWORK AND NODE POINT DESIGNATION 
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The simplest representation of a shell is that it is a thin surface 
with such a large ratio of radius of curvature to thickness that any bending of 
the shell does not result in large moments or shear forceso The smallness of 
these stress resultants in comparison with those ariSing from the stretching of 
the middle surface leads to their neglect in the equations of equilibrium, and 
the resulting shell theory is called the membrane theory of shells. It is well 
knovn that for the determination of the static stresses and deflection of most 
common shell configurations that these stresses constitute the major part of .the 
total stresses and that a more exact theory which includes the effect of bending 
is required only near such discontinuities as concentrated loads, openings, or 
built-in foundationso Although it is not necessarily true that this condition 
should exist for dynamic loadings, it is possible to establish a membrane anal-
ysis of stresses in shells subjected to transient pressure loadingso The classi-
cal~modal approach requires the modes and frequency of free vibration of the 
shell and theSe were obtained for a limited number of shell configurationso The 
basic theory is contained in the subsequent chapters of Part III of this report, 
and follows closely that of Reference 10 
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1.2 SYMBOLS 
The symbols used· in the analysis of this chapter are: 
a = radius of dome 
h = thickness of dome 
m = an integer describing the circumferential distribution 
of the displacements 
e, ~, a = spherical coordinates of a point on middle surface of shell 
2 e = total included angle of the dome 
u, v, w = displacement of a point in the 8, ~ and radial directions, 
respectively 
Ee, Ecp = strain in the e and cp directions 
18CP = shearing strain 
(Je' (Jcp = stress in the e and cP directions 
'Tecp = shearing stress 
u, V, W = components of external force, per unit area, in the· e) cp 
and radial directions) respectively 
E = Youngis modulus 
~ = Poissonis ratio 
P = mass density of dome 




201 EQUATIONS OF STATIC EQUILIBRIUM 
Consider the arbitrarily loaded spherical dome in Fig. 201. The 
membrane strain components at a point on the middle surface may be expressed 
in terms of the displacement u, v, w by the following relations (w is positive 
outward) : 
1 1 Ov 
€ = - (u cot e + - + w)· cP a sin e Ocp , 
1 1 em Ov 
7 ecp= a (s in e dCP + de - v cot e). 
The stresses in the dome are 
The static equilibrium of an element, such as shown in Fig. 2.2, cut from the 
shell by two meridian planes and two sections perpendicular to the meridians, is 
defined by the three equations 9 
,- ~ 
ooe 1 U' ecp Ua 
dB + cot e (O'e - O'cp) + sin e dCP = - h (a) 
1 
Wa 




The equilibrium equations may be rewritten in terms of the displacements 
by"means of Eqso (201) and (202), as follows: 
(a) 
Equations (2 .. 4) may be arranged in a more convenient form 0 The follow-
ing operators are applied respectively to Eqs .. (204a) and (204b): 
1 d. e 
sin e de Sln 
1 0 
sin e ~ 
Add! tion of the two equations obtained yields one of the new equations.. Now 
Eqso (204a) and (2.4b) are operated on by 
1 0 
sin e dq; 
1 
sin e 
d . e de Sln 
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and the resulting equations subtracted} 'Which results in the second new equationo 
If the displacements u, v are written in terms of two new functions J F and GJ so 
that the displacements are defined as 
of 1 dG 
U:= de + sin e dq) 
1 dF OG v := 
,sin. e dq;-"de 
Then the nev system of equations in F, G and 'Ware, 
2 2 
V4F + (i-~) vFF + (l~) vFy = _il~~sfnae 
in which 








A physical significance may be attached to the functions F and G in the following 
way 0 The volumetric expansion 0: of an element arising from the tangential compo= 
nents of displacement u, v is expressed by, 
1 ~( ) 0;' 
ex := SiD. e @ u sin e + diJ 0 
Also, the rotation 2X of an element about its normal is given as 
1 ro . dul) 
2X :=: 2 sin e 198 (v Sl.n e "" 'dq)~ 0 
Substitution· of E9.s: (20 5a:) and' (20 5b) into these two expressions" leads ~ectly. to 
(207) 
2X = - .}Go 
202 EQUATIONS OF FREE VIBRATION 
The natural frequencies and associated displacements of a membrane dome 
undergoing free vibrations may be determined from the equilibrium equationso In 
this particular problem, the external' forces are replaced by the inertia forces 
as follows~ 
u -p h .. = U" ,
V = ~p h 00 vo , 
W -p h 00 "We> 
The dots denote differentiation with respect to time 0 
If all components of the motion are assumed to be sinusoidalJ then 
u = usin wt 
v = v sin wt 
w = w sin wt 
where uJ vJ ware the amplitudes of vibrationo Substitution of Eqse> (209) into 
Eqs (208) give the inertia forces as 
u= ' U w2 h p sin wt 
V= 
_ 2 
p v w h sin wt ( 2010) 
W = 
_ 2 
p w w h sin wt 
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The equations for free vibrations then become, 
. 2 2 
V4F + (I-Ii) ifF·+ (l+~) "W = "'(1_~2) P ; CAl -IF (a) 
2 2 




Equation (20 lla) may be expressed only in F by uSe of (20 llc) 0 This substi tu-
tion and introduction o~ the factors 
mnto Eqo (2011a) give 
4 2 
yr4F + k -k (4~-2) ... 8~ -IF = 0 
k2 ... 4~+~k2 (a) 
\l4G + (2+k2) ifn = 0 (b) (2012) 
(c) 
Equations (2012) show that the modes of vibration of a membrane dome 
may be divided into two distinCt classeso The first class,which is descrtbed by 
Eqo (2012b), is characterized by the function G, and during such vibrations each 
element o~ the dome 1m.dergoes only tangential' components of displacem~nt u, v 0 
From the def'inition of"G it Can be seen that these vibrations consist of oscilla-
tory rotations of each element about a line normal to its surface 0 During vibra-
tions of the second class, which are described by Eqso (2012a) and (2oT2c), elements 
of the dome experience all three components of displacement u, v, and Wo Such 
. 
vibrations are described by the function F and the radial displacement component Wo 
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2.2.1 Vibrations of the First Class 
Solution of Eq. (2.12b) will give the frequencies and modes associated 
with vibrations of the first class. If the substitutions, 
G = G cos mcp 
are made in Eqo (2012b) and that equation expanded, the resulting equation is, 
which is recognized as the Laplace differential equation in spherical coordinates 
of the general form, 
'02 Oy 2 ~ + cot e d8 - m2 Y + n(n+l)Y = 0, 08 2 sin e 
(2.14) 
in which, 
The complete solution of Eqo (2.13), obtained from the solution of ~2G = B, and 
for the dome with no opening at the pole, is 
Gmn =IC1 tan
m ~ + C2 ~ ~ cos mql 
where yn (e) are the Legendre polynomials of the first kind but in general of 
. n 
nonintegral order. The conditions at the boundary, i.ee, at e = e, are that 
u = v = 0 
Substitution of these conditions into Eq. (205) with F = 0, gives 
1 me 1 pm (e) C1 . tr tan '2 Slll sin e n 
m mt! d ~ (8) n C2 tan - dB sin Ej 2 
= ° 
from w.ich (since C2 I G) . 
or ("9) . 
n. -lll-
. ae == m ):In (8) sin e 
yields the values of ~; and 
Cl ~ (8) 
C2 = ... tanm I 
Introduction of this relation into Eq. (2~15) gives, 
. ~a:rf1!1. J!l (e) G = C pm Ce) Z __ n __ 
mn n tanm 1. pm (11) 
. 2 n . 
cos mcp 
The displacements may nov be written as foll~vs: 
(c = - c ) 
'2 
u = C pm ('8) 
n ~ m e 1 tan 2 sin e tanm :a 2 l ~ (~ (-m sin mcp) sin e ~ (ill 
Now, let 
so that 
v = C pm (e) 
n 
w = B 
E 
r.r = -- t' e 1 2 e 
... ~ 
E 
cr = -- t' 









Then the quantities t!, tV may be written as follows~ 
o cp . 





sin e (=m sin mcp) 
tV = 
- t Y 
cp . e 
~ 2m2 . tanm e tanm e ~ (8) 2 m cos e "2 a'j' ecp = c . 2 e + 2 n tanm :m e Sln . ~sin e tan . "2 
o pn (e)/Oe ? (e)[] 
... 2 cot e n .., n(n+l) _n __ 
pm (e) pm fa) 
n n' 
cos mcp' 




+ 2 pm sin e 
n 
Equations (20l2a) and (2;12c) involve the functi.on F and the radial 
(e) 
('8) 
component of displacement.9 w 0 8imul taneous solution of these two equa.tions will 
give, then,9 the displacements] frequencies,9 and mod.es aE',sociated with such vibra= 
tionso Equation (2012a) may be solved in the same manner as (2oJ..2~b).9 Bn.d the 
solution for the shell "With no opening at the pole is,9 
The boundary conditions 
u = v = 0 










m pm (8") 
sin 11 n 
This yields;(since K2 fo 0) 
o~e 
sin e a~ == m ~ (e) 
for the evaluation of n, and 
Equation (2020) now bec.ome@s::: ~- K~ (8)0 
F == K ~ (e) - cos mcp 
mn n tarF ~ ~ (e) 
where 
n(n+l) 
Equation (2.l2c) leads directly to 
where 
~ == n(n+l) 
k2 





The displacements associated with the vibrations of the second class 
may now be written as follows: 
r 
u = K ~ (e) ~~ Il (a) 
v = K ~ (8) Gi! €I 
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cos mcp (c) (2~25) 
The quanti ties 'r e and -r; ~ associated with each mode may now be calculated by use 
of the following relations~ 
~. 2 tanm !!. pm (e) at t = K pm (8'). m 2 (l"'~) + f3 n (l+~)-e n i 2 e t m 11 pm (8) s n an 2 n 
cos e o?- (e)(Oe 2 pm (e) 
+ sin e . n (1-~) m2 n (l-~) pm (e-). sin e pm (8) 
n n 
cos e tanm ~ ?- (e)] 
+ ~ . 2 e t m t1 + n(n+l) n cos mcp 
Sln. an 2 P: (8) ( a) 
at~ = K pm (8) _ m 2 (l-~) + f3 n (l+~) 
[ 
2 tanm §. ?- (e) 
cp n sin2 e tanm ~ pm (8) 
2 n 
cos 1e 0 pm (e)(Oe 2 pm (e) 
n (l-~) + m . n (l-~) + 
sin e pm (8) sin2 0e pm (8) 
n n 
tanm §. pm (e)] 
+ m c~s e 2 + ~n(n+l) n cos mcp 
sin e tanm ~ ~ ("8) 
[ 
t m e 2m an 2 
ale = K P: (8) . 2 m ~ 
cp Sln e tan 2 
2 0 rJD- (e)/oe 
n 
sin e r (e) 
n 
2 cos e r (88' + . e n ( ... m sin mcp) Sln P: (e) 
t m e 
2 cos e an "2 
. 2 e t m ~ Sln· an "2 
CHAPTER :3 
RESULTS 
3,,1 MODES AND FREQUENCIES OF,::THESECOND CLASS 
Several values of natural frequencies of vibration of the more useful 
modes of the secpnd class have been extracted for four different values of total 
included angle 2e for the two cases m = 0, m = 1, and are presented in Table 3,,1 .. 
The displacements associated with the natural frequencies computed for the hemi-
spherical dome and form = 0 are given in Table 302" 
A graphical procedure was used in determining the roots of the charac-
teristic E~. (2.21).. When m = 0, this equation reduces to finding those values of 
n at which, 
( 3.1) 
0 1 -Tables of () P , (e) (Ot} for integral values of n are available. This function was 
n 
plotted and those values of n at which Eq. (3.1) was satisfied were read from the 
graph. For the case when m =I 0, the expression, 
c ~ (e) =~n+l)~m. J!1 (e) -E+l cos 
sin e ae i 2 e n+l . 2 e s n s~n 
'1 ~(e) 
'Was used to revri te Eqo (2021) as follows: 
Each side of this equation "Was plotted versus n for m = 1 and tho'se values of 
n at which the two curves intersect were reado 
For a given value of n, EqQ (2.23) ~elds two values of k 2, which are 
related to the natural frequency by the' relation, 
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Therefore, there are two sets of frequencies associated with a vibrating dome. 
For a specific dome, i.eo, a given 8, values of the natural frequencies of the 
first set in Table 3.1, increase continuously with increasing no However, values 
of the natural frequencies of the second set approach a limiting value and they 
are smaller in general than the frequencies of the first seto 
As n increases, the differences between successive roots of the char-
acteristic equation approach a value ~ where 8 is expressed in radianso This 
e 
fact was used in estimating the extrapolated values of ~ in Table 3010 
In the solution of Eq. (2.23) it was convenient to assume a value for 
Poisson's ratio 0 The value selected, ~ = 002, was used throughout the calcula-
tions and is implicit in the natural frequencies in Table 3010 
The displacements u, v, w associated with the natural frequencies com-
puted for the hemispherical dome, were derived from Eqs. (2025)0 The tangential 
displacements u, v are the same for any value of n for a given 8, that is regard-
less of which of the two values of ~ is cons idered 0 The radial component of dis-
placement w is in general different for the two natural frequencies ~l and ~2J 
generally with smaller radial displacements associated with the higher natural 
frequencies 0 
The mode of vibration in which there are no tangential displacements u, 
v is obtained by letting F = 0 in Eqo (2ol2c), which equation becomes, 
2 
(2 .... ;s) w = 0, 
from which 
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Equation (303) places no restriction on the radial displacement v. However,. since' 
u = v = 0, there are no U, Vcomponent·s of inertia forces, and because of symmetry, 
the shearing stresses are zero.. Also, at any point, 
Therefore, Eqs .. (2 .. 38.) and (2~.3b) indicate that, 
that is, the stresses do not change from point to point throughout the shell.. It 





The success of the e:~forts to establish computer programs for both the 
direct solution of the equationS of motion of a membrane dome and ofa true shell 
theory JAade it advisable to plaCe a low priority on an exact modal solution to 
the membrane theory of shells 0 .' It was therefore decided not to proceed beyond.. the 
evaluation of a'few of the modes, to indicate the nature of the computational'prob-
lem involved and the nature of . the modes and frequencies of the spherical membrane 
dome 0 
Legendre and Associated Legendre tables' exist for functions (Reference 2) 
which occur in the analysis put a high order of interpolation is required in 'order 
to extract useful numbers for the shell· analysis 0 The integral's occurring in the 
expansion: ;of, "thee dd:.splacement s in normal modes can also be expressed analytically 
in terms of those functions but not in finite form 0 Because of these difficulties 
it was considered advisable to resort to direct evaluation of the modes and fre-
quencies from difference equations technique which is given in Part IIo 
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TABLE 301 ~ ~QUENCY OF MODES 
OF THE SECOND CLASS 
- 0 e = 30 -
." !- First Set Second Set 
121=0 m = 1 m=O m = 1 
70514 100043 00975 00985 
130387 16 .. 24 00998 00990 
20020 22034 10011 008;0 
25032 28048 00999 10010 
31044 :;4061 10020 00968 
e =450 
50042 60733 00942 00968 
90147 10e83 Oa983 10045 
13028 14091 00999 10004 
17036 18099 00913 10004 
21055 23008 lo011 10004 
e = 60° 
30851 5·090 00895 00942 
60881 80243 00971 00979 
90956 11035 00986 00979 
~3004 14041 00988 00990 
P.6014 17046 00998 100lO . 
e = 90° 
20711 30502 00753 00868 
~D651 50540 00931 00953 
6;679 70601 00904 00975 
80700 90646 00981 00985 
~Oo737 ll,,-180 00987 00990 
~plE Frequency = factor x 2 
pa 
I 
TABLE 302 DIS~~CEMENTSOF MODES OF THE SECOND CLASS 
e = 90° m=O 
'tS w=4.65~ E; .~ W=8.70~ E2' fS e w=20 711..2 w=60679. 2 £.\)=1007 2 p.a . pa pa . pa pa 
~ iU/k 
0° 0 0 0 0 0 
10° O<a513 10 620 30117 40723 60118. 126° 0.964 20556 30577 ;0027 00472 
?lJo 10299 20436 10208 -10869 -30670 ~o 1.0 477 10364 -10604 -20574 00968 
50° 10477 -00133 -20277 10003 20517 
60° 10299 =010353 ~oCl497 20401 -20007 
70° 00964 -10753 10639 -00455 -lo30B 
80° 00513 -10192 10852 ... 20336 2,,522 
90° 0 .0 '0 0 0 
v/k 
0 0 0 b <> 
111 /k (first get:) 
eO 20083 10 ?lJ7 1.24-7 10229 10219 ~Oo lci989 1~1l5 00878 00641 00392 0 10718 00621 -00489 ~~ 00090 -00310 
3<J 1 .. 302 00031 -00466 -00416 ... 00009 ~o 00792 .... 00417 ... .0040; 00170 00;62 
50° 00250 -00559 00070 00362 ... 0016{3 ~o 
... 00260 
-00378 0040; -0 .. 091 -00229 
rrOo ... 00 676 -00005 00260 -0034-2 00267 BoO 
-00947 00347 -00165 00029 00079 ~Oo 
-10042 ·00490 -00.390 00336 .... 00 ?lJO 
v!k (second set) 
0° 
-;0879 -150306 ... ;40054 ..,5805:37 -900164 
10° "'30704 ... 13 .. 059 .... 130059 ... 230990 -280982 
20° .. 30198 «>70210 20449 140742 360180 
~o 
-20424 .... .00'59 120737 190831 00635 
40° -10475 40883 110019 -8 .. 115 .... 260810 
50° 90 0 465 60544 ... 1.920 ... 170250 120453 
60° ... 0.485 40424· ... 1l0OO8 40311 160971 
170° 10259 OQ582 ~7,,113 160274 -190772 
SOo 10764- -40070. 40499 ... 10364- -50832 ~Oo 10940 "'50.740 10 0 642 ... 160006 220189 
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FIG. 2.1 COORDINATE SYSTEM 
FIG. 2 .. 2 SHELL ~ 
